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This  research  investigates  the  spread  of  two  families  of  finite  simple  groups, 
the  projective  special  linear  groups  and  the  projective  symplectic  groups  in  odd  char- 
acteristic. A  group  G  has  spread  k  if  for  any  given  set  S  of  nontrivial  elements  with 
cardinality  k  in  G,  there  exists  an  element  g  in  G  such  that  (g,  s)  =  G  for  any  s  €  S. 
Another  approach  is  the  following.  A  set  S  of  nontrivial  elements  in  G  is  called  an 
anti-generating  set  if  for  any  g  €  G  there  is  an  s  G  S  such  that  (g,  s)  is  a  proper 
subgroup  of  G.  If  we  denote  the  smallest  cardinality  of  an  anti-generating  set  in  G 
by  A(G)  then  the  group  G  has  spread  A(G)  —  1.  The  goal  of  this  paper  is  to  find 
non-trivial  lower  bounds  for  A(G)  in  the  case  when  G  is  a  finite  projective  special 
linear  group  or  a  finite  projective  symplectic  group  in  odd  characteristic.  As  some 
partial  results,  we  classify  the  maximal  subgroups  containing  Singer  cycles  in  the 
special  linear  groups  and  in  the  symplectic  groups  of  odd  characteristic,  we  provide 
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some  formulas  for  the  orders  of  centralizer  subgroups  of  p'-elements  and  elements  of 
order  p,  where  p  is  the  characteristic,  and  calculate  some  upper  bounds  for  the  fixed 
point  ratios  in  the  primitive  permutation  representations  on  the  cosets  of  extension 
field  type  maximal  subgroups. 
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CHAPTER  1 
INTRODUCTION 

Since  the  completion  of  the  classification  of  finite  simple  groups  it  is  well- 
known  that  every  finite  simple  group  can  be  generated  by  two  of  its  elements.  How- 
ever, the  history  of  studying  the  generator  pairs  in  finite  simple  groups  reaches  back 
to  the  19th  century.  It  was  conjectured  first  by  E.  Netto  in  [12]  that  if  two  elements 
are  randomly  chosen  from  the  alternating  group  An,  they  will  generate  An  with  prob- 
ability ->  1  as  n  -»  oo.  This  conjecture  was  proved  by  J.  D.  Dixon  in  [3],  who  also 
conjectured  that  a  similar  result  holds  for  arbitrary  finite  simple  groups.  Namely,  if 
P(G)  denotes  the  probability  that  two  randomly  chosen  elements  of  a  finite  simple 
group  G  generate  G,  then  P(G)  -»>  1  as  \G\  ->  oo.  The  proof  of  Dixon's  conjec- 
ture was  completed  by  W.  Kantor,  A.  Lubotzky,  M.  Liebeck  and  A.  Shalev  [7,  8]. 
Their  work  relies  on  the  classification  of  finite  simple  groups,  in  particular  on  the 
information  about  the  maximal  subgroups  of  finite  simple  groups,  obtained  from  the 
classification. 

Another  famous  problem  about  the  generating  pairs  of  finite  simple  groups, 
that  has  been  studied  throughout  this  century  is  the  so-called  (2,3)-generating  prob- 
lem. A  group  G  is  (2,3)-generated  if  it  has  a  pair  of  generators  {x,y}  satisfying 
x2  -  y3  —  1.  The  motivation  behind  the  study  of  the  existence  of  such  generating 
pairs  is  the  fact  that  a  group  G  is  (2,3)-generated  if  and  only  if  it  is  a  homomor- 
phic  image  of  the  classical  modular  group  PSL2(Z).  Although  not  every  finite  simple 
group  is  (2,3)-generated,  most  of  them  have  been  proved  to  be  so.  For  more  details 
and  recent  results,  see  for  example,  Liebeck  and  Shalev  [9]  and  Lubeck  and  Malle 
[10].  It  is  also  a  fact  that  except  PSU3(9),  every  finite  simple  group  is  generated  by 
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an  involution  and  a  strongly  real  element.  In  particular,  every  finite  simple  group  is 
generated  by  three  involutions,  except  PSU3(9),  which  is  known  to  be  generated  by 
four  involutions. 

Let  us  call  a  set  S  of  nontrivial  elements  in  a  finite  simple  group  G  an  anti- 
generating  set  if  for  any  g  in  G  there  is  an  s  in  S  that  the  pair  {s,g}  generates  only  a 
proper  subgroup  in  G.  Furthermore,  let  A{G)  be  the  smallest  possible  cardinality  of 
an  anti-generating  set  in  G.  It  was  proven  by  R.  Guralnick  and  W.  Kantor  [4]  that 
A(G)  >  2  for  any  finite  simple  group  G.  In  other  words,  any  nontrivial  element  of 
a  finite  simple  group  belongs  to  a  pair  of  generators.  As  of  today,  it  is  still  an  open 
question  whether  A(G)  >  3  for  all  finite  simple  groups  G.  Asymptoticly,  A(G)  -*  oo 
as  |C|  oo  if  We  omit  the  alternating  and  odd-dimensional  orthogonal  groups.  This 
was  proven  by  Guralnick  and  Kantor  [4]. 

In  this  paper,  I  will  give  lower  bounds  for  A(G)  when  G  is  a  finite  projective 
special  linear  group  or  a  finite  projective  symplectic  group  in  odd  characteristic.  The 
results  are  summarized  in  the  following  theorems: 

Main  Theorem  1  Let  G  =  PSLd{q)  with  d>3  and  {d,q)  ^  (3,4). 

(a)  If  d  is  a  prime  number  and  q  =  2  then 

2(d-i)2 

(b)  If  d  is  a  prime  number  and  q  —  3  then 


(c)  If  d  is  a  prime  number  and  q  >  4  then 


A(G)> 


(rf-i)2 


2(d-  1)  ' 

(d)  Ifd  =  4andq  =  2  then  A(G)  >  6  ; 

(e)  Ifd  =  4andq  =  3  then  A(G)  >  20  ; 
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(f)  Ifd  =  A  andq>A  then  A(G)  >  |  •  q4  ; 

(g)  Ifd=6  then  A(G)  >qd-2; 

(h)  Ifd>6  and  d  is  not  a  prime  then  A(G)  >  qd  . 

Actually,  if  r  is  the  smallest  prime  divisor  of  d  and  r  >  3  then  A(G)  >  q(r~^d  — 

g(r-3)i  +  1. 

Main  Theorem  2  Let  G  =  PSpd{q)  with  q  odd  and  (d,q)  ^  (4,3),  (2,3),  (2,5), 
(2,7)  or  (2,9). 

(a)  Ifd  =  2  andq=l  (mod  A)  then  A(G)  >  q  ; 

(b)  If  d  =  2  and  q  =  3  (mod  A)  then  A{G)  >  ; 

(c)  Ifd  =  A  then  A(G)  >  q  ; 

(d)  Ifd  =  6  then  A{G)  >  q4  -  3<?2  ; 

(e)  If  d  =  2r  with  a  prime  number  r  >  5  then  A(G)  >  qd~2  ; 

(f)  If  d  =  2r  with  r  an  odd  composite  number  then  A(G)  >  qd~2  -  qd~4  / 

(g)  lfd  =  0  (mod  A)  and  d>8  then  A(G)  >  q*d  . 

Main  Theorem  3  Let  G  ~  PSL2(q)  with  q>A. 

(a)  If  q  is  even  then  A(G)  =  q  —  1  ; 

(b)  Ifq  =  l  (mod  A)  and  q  >  13  then  A(G)  =  q  ; 

(c)  Ifq  =  3  (mod  A)  and  q>ll  then  A(G)  >q-S; 

(d)  Ifq  =  5orq  =  9  then  A(G)  =  3  ; 

(e)  Ifq  =  l  then  A(G)  =  5  . 

The  approach  I  use  is  based  on  an  idea  introduced  by  Guralnick  and  Kantor 
[4]  and  it  is  the  following: 

Let  Gbea  finite  group,  C  be  a  conjugacy  class  of  G  and 

Pc=  min  Pr{c  6  C  \  (c,g)  =  G}  . 
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That  is,  for  any  fixed  nontrivial  element  g  in  G,  the  probability  that  a  randomly 
chosen  element  in  C  will  generate  G  together  with  g  is  at  least  Pc.  Of  course,  if  S  is 
an  anti-generating  set  in  G  then 

1  <  £  pr{c  eC\  <c,s)  ^G}<  £(1  -  Pc)  =  \S\  ■  (1  -  PC)  , 
and  therefore 

Because  of  this,  it  seems  to  be  reasonable  to  look  for  the  best  conjugacy  class  in  this 
sense  in  every  finite  simple  group  G,  that  is,  to  find  the  conjugacy  class  C  of  G  with 
the  highest  possible  Pc,  and  then  of  course,  calculate  the  actual  value  of  Pc,  or  at 
least  find  a  useful  lower  bound  for  it.  In  order  to  calculate  a  lower  bound  for  Pc  for 
a  particular  conjugacy  class  C,  it  turns  out  to  be  helpful  if  one  has  a  complete  list  of 
the  maximal  subgroups  of  G  that  have  a  non-trivial  intersection  with  C.  The  reason 
for  this  is  quite  simple.  Suppose  c  is  a  fixed  element  of  C  and  let  M(c)  denote  the 
set  of  maximal  overgroups  of  c  in  G.  Furthermore,  for  any  M  €  M(c),  and  g  €  G, 
let  N(G,  M,g)  denote  the  number  of  conjugates  of  M  in  G  that  contain  g.  Then  for 
any  g  e  G, 

Pr{c'  eC\(c',g)^G}    =  ?v{aeG\(ca,g)^G} 

=   Pr{a  €  G  |  3M  6  M(c)  such  that  g  €  M°} 

<    Y,  Pr{fl  e  G 1 9  e  Ma] 

M£M(c) 


N(G,M,g) 
c)  \G:M\ 


Actually,  ^t^gn  ls  tne  rat'°  °f  nxe<^  Pomts  °f  9  m  tne  primitive  permutation  repre- 
sentation of  G  on  the  cosets  of  M.  So  if  we  denote  the  maximal  possible  fixed  point 
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ratio  of  a  nontrivial  element  on  the  cosets  of  M  by  n(M)  then  we  have 
Pr{c'eC\(c',g)^G}   <      £    f*(M) , 

M€X(c) 

<     J]  MM), 

and 

This  is  the  inequality  I  will  use  to  obtain  lower  bounds  for  A(G)  when  G  is  a 
finite  projective  special  linear  or  a  finite  projective  symplectic  group. 

My  choice  for  the  conjugacy  class  C  is  the  class  of  so-called  Singer  elements. 
In  GLd(g),  a  cyclic  subgroup  is  called  a  Singer  cycle  if  it  has  order  qd  -  1.  In  SLd(<?) 
or  in  Spd(g),  a  cyclic  subgroup  is  called  a  Singer  cycle  if  it  is  the  intersection  of  a 
Singer  cycle  of  GLd(q)  with  SLd(g)  or  Spd(g),  and  has  order  (qd  -  l)/(q  -  1)  or  q% +  1, 
respectively.  In  PSLd(q)  or  PSpd(g)  a  cyclic  subgroup  is  called  a  Singer  cycle  if  it  is 
the  image  of  a  Singer  cycle  of  SLd(q)  or  Spd(g),  respectively.  And  a  Singer  element 
in  general  is  an  element  that  generates  a  Singer  cycle.  Since  the  maximal  overgroups 
of  a  Singer  cycle  in  PSL^g)  are  in  one-to-one  correspondence  with  the  maximal 
overgroups  of  its  pre-image  in  SLd(q),  it  is  enough  to  calculate  Y,mzm(c)  for 
singer  elements  c  in  SLd(g),  where  n*(M)  denotes  the  maximal  possible  fixed  point 
ratio  of  a  non-central  element  on  the  cosets  of  M.  A  similar  argument  goes  also  for 
the  PSp  case.  W.  Kantor  [6]  proved  that  in  GLd(q),  every  maximal  overgroup  of  a 
Singer  cycle  is  an  extension  field  type  subgroup  corresponding  to  a  prime  divisor  r 
of  d,  that  is,  a  subgroup  isomorphic  to  Zr  tx  GL d(qr).  In  Chapter  2,  after  a  general 
review  on  the  Singer  cycles  and  on  the  extension  field  type  subgroups,  we  will  prove  a 
similar  result  for  the  Singer  cycles  in  SLd(q),  and  in  Spd(q)  for  odd  q.  More  precisely, 
except  for  SL3(4),  Sp4(3)  and  SL2(g)  =  Sp2(<?)  for  q  =  3,5,7,9,  the  only  maximal 
overgroups  of  Singer  cycles  are  the  intersections  of  the  extension  field  type  subgroups 
of  GLd(q)  with  SLd(q)  and  Spd(q),  respectively.  The  proof  will  be  based  on  the  results 
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of  a  recent  paper  by  R.  Guralnick,  T.  Penttila,  C.  E.  Praeger  and  J.  Saxl  [5j,  This 
paper  contains  a  classification  of  all  the  subgroups  of  GLd(q)  with  order  divisible  by 
a  primitive  prime  divisor  of  qd  -  1.  (A  prime  r  is  called  a  primitive  prime  divisor  of 
qd  -  1  if  it  divides  qd  -  1  but  does  not  divide  qe  -  1  for  any  1  <  e  <  d.  It  was  proven 
first  by  K.  Zsigmondy  [14]  that  these  primitive  prime  divisors  always  exist  except 
when  (d,  q)  =  (6, 2)  or  d  =  2  and  q  +  1  is  power  of  2.) 

The  actual  calculations  for  the  upper  bounds  for  the  fixed  point  ratios  are  in 
Chapter  4,  and  they  use  the  following  formulas: 

,„  „   ,     \CG(g)\-\C(G,M,g)\  _  \M\   A  \CG(9i)\ 
M,g)  =  j£j  ~W\'h  \°M^i)\ 

where  fi(G,M,g)  denotes  the  fixed  point  ratio  of  g  on  the  cosets  of  M,  C(G,M,g) 
is  the  set  of  elements  in  M  that  are  conjugate  to  g  in  G  and  {#,...  ,gk}  is  a  set  of 
representatives  of  the  conjugacy  classes  in  M  that  fall  into  the  conjugacy  class  of  g  in 
G.  In  Case  I  we  calculate  upper  bounds  for  the  fixed  point  ratios  of  those  elements 
having  a  prime  order  different  from  the  characteristic  and  centralizing  an  extension 
field  isomorphic  to  F,r  for  some  prime  divisor  r  of  the  dimension  d,  but  not  having  any 
nontrivial  action  on  other  extension  fields  of  F,  that  are  isomorphic  to  F,r,  involved 
in  GLd(q).  In  Case  II  we  study  those  elements  having  a  prime  order,  different  from  the 
characteristic  and  acting  non-trivially  on  an  extension  field.  In  Case  III  and  in  Case 
IV  we  repeat  the  first  two  cases  for  elements  of  order  p,  where  p  is  the  characteristic. 
It  is  sufficient  to  calculate  the  upper  bounds  of  the  fixed  point  ratios  only  for  these 
types  of  elements,  because  every  non-central  element  in  GLd(q)  with  a  positive  fixed 
point  ratio  has  a  power  that  belongs  to  one  of  these  categories.  Notice  that  the  two 
formulas  mentioned  above  are  heavily  using  the  centralizer  orders  of  elements  with 
prime  orders  in  the  general  linear  and  in  the  symplectic  groups.  Therefore,  Chapter 
3  is  devoted  to  finding  some  explicit  formulas  of  the  centralizer  orders  needed  in 
Chapter  4.  The  final  results  are  proven  in  Chapter  5. 


CHAPTER  2 

SINGER  ELEMENTS  AND  THEIR  MAXIMAL  OVERGROUPS 

2.1    Singer  Cycles 

Definition  2.1.1  A  Singer  element  in  a  general  linear  group  GLd(q)  is  an  element 
whose  order  is  q  —  1 . 

A  Singer  element  in  a  special  linear  group  SLd(q)  is  an  element  whose  order 

is^=qd-l+qd-2  +  ...  +  q+l. 

A  Singer  element  in  a  symplectic  group  Sp2d{q)  is  an  element  whose  order  is 

qd  +  l. 

A  Singer  element  in  a  general  unitary  group  GUd(q2)  is  an  element  whose 
order  is  qd  —  1 . 

A  Singer  cycle  in  any  of  the  above  groups  is  a  cyclic  subgroup  generated  by 
a  Singer  element. 

Note,  that  Singer  elements  could  be  defined  in  SU,  0,  SO  and  in  f2  groups 
also  but  we  will  not  need  them  in  this  chapter. 

Lemma  2.1.2  There  are  Singer  elements  in  every  general  linear,  special  linear  or 
symplectic  group,  and  in  every  unitary  group  of  odd  dimension. 

Proof:  Take  V  =  Fqd  as  a  vector  space  of  dimension  d  over  F,,  and  for  any  a  6  Fqd 
let  a  denote  the  multiplication  by  a  on  Fqd  as  an  F,-linear  transformation.  Then  a 
is  non-singular  if  and  only  if  a  ^  0  and 

S  =  {a\aeFqd} 

is  a  cyclic  group  of  order  qd  —  I  generated  by  any  a  such  that  (a)  =  F*d.  This  shows 
that  S  is  a  Singer  cycle  in  GL(V)  ~  GLd(q). 
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The  determinant  of  any  a  as  an  F?-linear  transformation  of  V  is  actually  the 
norm  of  a  over  F„  and  since  the  norm  map  is  an  onto  group  homomorphism  from 

f;<  to  f;, 

51  =  {a|a€F;<i,N(a)  =  l} 

is  a  subgroup  of  S  of  order  ^fp  that  is  also  a  subgroup  of  SL(V)  ~  SLd(q). 

Now  suppose  d  =  2e,  let  Tr  be  the  trace  map  from  F,d  to  F,  and  fix  an  element 

qd_l 

\i  in  F,d  such  that  //,e_1  +  l  =  0.  Such  a  fx  always  exists  since  (-1) »  -1  =  (-l),e+1  =  1 
and  it  implies  that  -1  is  a  (qe  -  l)th  power  in  F,d.  Consider  the  form 

Bi  :  F,d  x  Fqd  =  V  x  V  — ►  F, 

(a,  6)   i    Y  Tr^afc9'). 

Then  for  any  a,  6,  c  €  V  and  ofF, 

Biiaa^b)   =   Tr(anab'>e)  =  aTT{nabqC)  =  aB1(a,b), 
B^a  +  b^c)   =   Tr(/x(a  +  6)c9e)  =  Tr(^ac9e)  +  Tr(/x6c'e) 
=   JB1(a,c)  +  B1(6,c), 
5x(6,a)   =   Tr(M6a'e)  =  Tr^ba^f)  =  Ttyx'V'a) 
=  Tr(-/W>?e)  =  -Tr(//a&9e)  =  -5i(a,6) . 

This  shows  that  Bx  is  a  symplectic  F,-bilinear  form  on  V.  The  non-singularity  of  Bx 
comes  from  the  fact  that  the  map  Tr  is  a  non-trivial  additive  group  homomorphism 
from  F,d  to  F,.  Let  I(V,Bi)  denote  the  isometry  group  of  (V,Bi),  so  I(V,Bi)  ~ 
Sp2e(g)  and  S  D  I(V,  Bi)  is  a  cyclic  group  of  order  qe  +  1: 

a£l(V,Bi)   <=>   B!(aa,ba)  =  Bi(a,b)  Va,6eV 

Tr(//a6'eQ'e+1)  =  Tr(/zafe'e)  Va,6<EV 

4=>   Tr(xa9'+1)  =  Tr(x)    Vx  €  V 
Tr(x(a?e+1  -  1))  =  0    Vx  €  V 

^    a'e+1  =  l. 
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Hence  there  is  a  Singer  cycle  in  Sp<*(a). 

Next,  suppose  that  d  is  odd  and  q  =  q\.  Let  Tr  be  the  trace  map  as  above, 
from  Yqd  to  F,,  and  consider  the  form 

B2  :  Fqd  x  Fqd  =  V  x  V  — ►  F, 

(a,  b)   i— ►  Tr(a69?). 

Then  for  any  a,  6,  c  G  F,d  =  V  and  a  G  F? 

B2{aa,b)   =  Tr(aa69')  =  aTr(a69')  =  ofi2(a,6), 

B2(a  +  6,c)   =  Tr((a  +  6)c9?)  =  Tr(ac'i )  +  Tr(6c9?) 

=  52(a,c)  +  52(fe,c), 

B2{b,a)   =  Tr(6a'')  =  Tr((6a«')9>+1)  =Tr(6«'+1a»1) 

=  (Tr(6'?a))91  =fi2(a,6)". 

Here  we  used  the  assumption  that  d  is  odd,  and  thus  everything  in  Fqd  is  F,-conjugate 
to  its  gf+1th  power.  The  above  equalities  show  that  B2  is  a  unitary  form  on  V  =  Fqd. 
Again,  the  non-singularity  of  B2  comes  from  the  fact  that  the  trace  map  from  Fqd  to 
F,  is  non-trivial.  Let  7(V,B2)  denote  the  isometry  group  of  (V,B2),  so  I(V,B2)  at 
G\Jd(q)  =  GU d{qj)  and  S  D  /(V,  B2)  is  a  cyclic  group  of  order  qf  +  1: 

a€/(V,fl2)  B2(a«,6a)  =  B2(a,b)  Va,6GV 

Tr(a69V'+1)  =  Tr(a69?)  Va,beV 

<=*   Tr(aa9?+1)  =  Tr(a)    Va  G  V 
Tr(a(a"'+1  -  1))  =  0    Va  G  V 

^    a'?+1  =  l. 

Hence  there  is  a  Singer  cycle  in  GUd(o)  =  G\Jd(qj)-  ■ 

Notice  that  there  are  no  Singer  elements  in  general  unitary  groups  of  even 
dimension.  For  if  d  is  an  even  integer,  then  q2d  —  1  always  has  a  primitive  prime 
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divisor  r,  which  then  divides  qd  +  1  but  does  not  divide  |GUd(92)|  =  q  '  2~  '  (q  + 
l)(q2  —  1) ...  (qd  —  1).  This  makes  it  impossible  for  GUrf(<?2)  to  contain  an  element  of 
order  qd  +  1 . 

Lemma  2.1.3  A  Singer  cycle  in  a  general  linear,  special  linear,  symplectic  or  general 
unitary  group  is  always  an  irreducible  linear  group. 

Proof:  Let  G  =  GLd(g),  SLd(q)  or  Spd(g)  acting  on  a  vector  space  V  of  dimension  d 

over  F,  and  we  may  assume  that  d  >  2.  Let  S  be  a  Singer  cycle  in  G,  so 

|Y-1,     ifG  =  GLd(9); 

ifG  =  SLd(9); 
[qt+1,    ifG  =  SPd(9). 

Because  of  Maschke's  Theorem,  the  action  of  S  on  V  is  semisimple,  so  either  S  is 

irreducible  on  V  or  S  <  GL(Vi)  x  GL{V2)  for  some  proper  subspaces  Vi,  V2  of  V  with 

v  =  Vi  e  v2. 

If  gd  -  1  has  a  primitive  prime  divisor  r,  then  r  divides  the  order  of  S  but 
does  not  divide  the  order  of  GLe(<?)  for  any  1  <  e  <  d,  so  5  cannot  be  embedded 
into  a  direct  product  GLe(<?)  x  GLd_e(9)  with  1  <  e  <  d  and  therefore  5  must  have 
an  irreducible  action  on  V. 

If  <jrd  -  1  does  not  have  a  primitive  prime  divisor  then  either  (d,  q)  =  (6, 2)  or 
d  =  2  and  q  +  1  is  a  power  of  2.  Suppose  (d,  <?)  =  (6, 2).  Then 


63,  ifG~GL6(2)  =  SL6(2); 
9,  ifC~SP6(2). 


Since  |GL5(2)|  =  210  •  32  •  5  •  7  •  31  and  the  Sylow  3-subgroup  of  GL5(2)  is  elementary 
abelian  (Z3  x  Z3),  there  is  no  cyclic  subgroup  of  order  9  in  GLe(2)  x  GL6_e(2)  for 
any  1  <  e  <  5,  and  this  implies  that  the  action  of  S  on  V  must  be  irreducible. 
Suppose  d  =  2  and  q  +  1  =  2m.  Then  clearly  S  must  be  an  irreducible  subgroup  of 
GL(V),  otherwise  S  ~  Z2m  would  be  isomorphic  to  a  subgroup  of  GLi(q)  x  GLi(g)  ~ 
Z2m-2  x  Z2">_2,  which  is  impossible. 
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Now  let  G  =  GU d(q2)  acting  on  a  vector  space  V  of  dimension  d  over  F,2,  and 
let  S  be  a  Singer  cycle  in  G.  Then 

\S\=qd  +  l. 

As  in  the  other  three  cases,  S  has  a  semisimple  action  on  V  because  of  Maschke's 
Theorem  and  if  q2d  —  1  has  a  primitive  prime  divisor  r,  then  it  forces  S  to  act 
irreducibly  on  V.  If  q2d  -  1  does  not  have  a  primitive  prime  divisor  then  either 
(d,  q)  =  (3, 2)  or  d  =  1  and  q  +  1  is  a  power  of  2.  In  the  d  =  1  case  there  is  nothing 
to  prove,  so  assume  that  (d,q)  =  (3,2),  in  which  case  G  =  GU3(4)  and  |5|  =  9.  The 
only  way  for  S  to  have  a  proper  invariant  subspace  in  V  is  to  be  isomorphic  to  a 
subgroup  of  GL2(4)  xGLi(4),  but  this  is  impossible  since  |GL2(4)  x  GLX(4)|  =  26-33-5 
and  its  Sylow  3-subgroup  is  elementary  abelian  (Z3  x  Z3  x  Z3).  Therefore,  S  acts 
irreducibly  on  V.  ■ 

Lemma  2.1.4  7/  A  is  a  cyclic  group  and  V  is  an  irreducible  FqA-module  that  has 
dimension  d  over  F9  then 

EndTqA{V)  ~  F9„  . 

Proof:  First  of  all  Endp^l^)  is  a  field  because  of  Schur's  Lemma.  And  this 
field  contains  F,  since  all  the  scalar  multiplications  on  V  belong  to  Cgl(V)(A).  So 
EndrqA(V)  ~  F,e  for  some  positive  integer  e  and  all  we  need  to  show  is  that  e  —  d. 
Let  A  =  (a)  and  let  p(x)  €  F,[x]  be  the  minimal  polynomial  of  the  action  of  a  on  V. 
Since  V  is  irreducible  under  the  action  of  A,  p(x)  must  be  an  irreducible  polynomial 
over  F,  and  therefore  the  roots  of  p(x)  in  an  algebraic  closure  F,  of  F,  are  all  dif- 
ferent. This  implies  that  the  matrix  of  a  is  diagonalizable  over  F,  with  all  different 
entries  in  the  main  diagonal,  so 

EndF^(V®F;)~(F;)d, 

dimF,  Endp^V)  =  dimfj EndK^0f^( V  ®  F,)  =  d  , 

that  is,  dimF,  F,e  =  d  which  clearly  implies  e  =  d.  ■ 
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Lemma  2.1.5  Let  V  be  a  vector  space  of  dimension  d  over  Fq,  v  be  a  fixed  nonzero 
vector  in  V  and  let  S  be  a  Singer  cycle  in  GL(V).  Then  for  any  vector  w  in  V  there 
is  a  unique  element  e  £  Endpqs(V)  such  that  ve  =  w. 

Proof:  By  Lemmas  2.1.3  and  2.1.4  S  acts  irreducibly  on  V  and  EndF(Js(V)  ~  F,d. 
So  |Endp,s(V)|  =  \V\  =  qd  and  it  is  enough  to  show  that  eu  e2  €  EndF(Js(V0,  ex  ^  e2 
implies  vex  ^  ve2.  Since  EndF,s(^)  is  a  field,  ex  ^  e2  implies  that  (ex  -  e2)e3  =  1 
with  some  e3  €  EndF,s(^),  and  then  v{e\  -  e2)e3  =  v,  forcing  v(ex  -  e2)  to  be  a 
nonzero  vector.  Which  means  that  ve\  ^  ue2.  ■ 

Lemma  2.1.6  A  Singer  cycle  in  a  general  linear  group  GLd(q)  is  always  self  cen- 
tralizing and  has  index  d  in  its  normalizer. 

Proof:  Let  S  be  a  Singer  cycle  in  GLd(q)  acting  on  a  vector  space  V  of  dimension 
d  over  F9  and  let  E  =  EndF,s(V).  Then  by  Lemma  2.1.4  E  ~  Fqd  and  so  \E\  =  qd. 
But  on  the  other  hand  \S  U  {o}\  =  qd  also  and  S  C  CGL(V)(S)  C  E,  so  E  =  S  U  {o} 
and  this  means  that  S  is  its  own  centralizer  in  GL(V). 

Let  F  be  the  field  of  scalar  multiplications  on  V  (which  we  may  identify  with 
the  set  of  scalar  matrices  in  GLd(q)  together  with  the  zero  matrix).  Then  E\F  is 
a  Galois  extension  of  degree  d  and  for  any  g  €  NGh(V)(S)  the  conjugation  by  g 
on  E  is  an  automorphism  of  the  field  extension  E\F.  This  way  we  get  a  natural 
homomorphism  *  from  NGh(V)(S)  to  Gal(£|F)  with  ker(tf)  =  CGL{V){S)  =  S.  This 
implies  that  \NGh(V)(S)  :  S\  <  |Gal(£|F)|  =  d  and  to  prove  the  equality  in  here,  we 
need  to  show  that  $  is  an  onto  map. 

Fix  a  nonzero  vector  v  in  V  and  for  any  a  €  Gal(£|F)  define  a  linear  trans- 
formation a  on  V  as  follows. 

a:V  — >  V 

ve  i — >   ve"       (V  v  e  V,  e  <E  E) . 
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This  is  well-defined  by  Lemma  2.1.5  and  it  is  indeed  a  linear  transformation  as  for 
any  e,f  6  E  and  A  €  F 

(we  +  vf)a  =  v(e  +  f)a  =  v(e  +  ff  =  ve°  +  vf  =  vea  +  vfa  , 

(Xve)&  =  v(Xe)a  =  u(Ae)*  =  v\ea  =  X(v&)  . 
Furthermore,  for  any  e,  /  €  E 

{ve){a-lfo)  =  (ve*-1)/*  =  v(e^ f)°  =  (ve)f 

and  thus  a~lfa  =  f°  showing  that  a  e  NGL{V)(S)  and  =  a.  So  *  is  indeed  an 
onto  map  from  NGh(V)(S)  to  Gdl(E\F)  and  as  a  result  of  this,  \NGL(V)(S)  :  S\  =  d. 
■ 

Lemma  2.1.7  A  Singer  cycle  in  a  symplectic  group  Spd(q)  or  in  a  general  unitary 
group  GUd{q)  is  always  self  centralizing  and  has  index  d  in  its  normalizer. 

Proof:  Suppose  B  is  a  non-singular  symplectic  or  unitary  form  on  V,  I(V,  B)  is 
the  isometry  group  of  (V,B)  and  Si  =  (si)  is  a  Singer  cycle  in  I(V,B).  Let  E  = 
EndF9Sl(V)  and  S  =  E  \  {0},  then  by  Lemma  2.1.4  E  is  a  field  of  cardinality  qd 
and  hence  S  is  a  Singer  cycle  in  GL(V).  As  in  the  previous  lemma,  let  F  be  the 
subfield  of  E  consisting  of  the  scalar  multiplications  on  V.  Furthermore,  let  r  be  the 
anti-isomorphism  of  EndF,(V)  such  that 

B(v<p,w)  =  B(v,wt{w))    and    B(v,wtp)  =  B(vt(<p),w) 

for  all  v,w  G  V  and  ip  G  EndF,(V).  Since  5j  e  I(V,B),  t(si)  =  s'1  and  therefore 
r  stabilizes  Si  and  also  stabilizes  E  =  Endp,^^).  In  fact,  r  acts  on  E  as  a  field 
automorphism  of  E  because  it  acts  as  a  group  automorphism  on  S  —  E  \  {0}  for  S 
is  a  cyclic  group. 
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Now  if  the  action  of  r  is  the  identity  on  E  then  Si  =  t(si)  =  st  1  and  \s\\  = 
q$  +  1  <  2  which  is  not  possible,  so  r  must  act  on  E  as  the  involutionary  field 
automorphism.  That  is,  r(e)  =  e9   for  all  e  £  E.  Then 

*  €  CnVjB)(Si)   <=>   x€EndF,Sl(y)\{0}  =  £:\{0}andr(x)  =  x-1 

i  , 

4=>   iG5  and  a:9    =  x 

^    x  e  S  and  =  1 

x  €  5i  . 

This  proves  that  a  Singer  cycle  in  a  symplectic  or  in  a  general  unitary  group  is  its 
own  centralizer. 

Next  we  want  to  show  that  \Nhv,b)(Si)  :  St\  —  d.  Let  :  Ncl^S)  -+ 
Gal(£|F)  as  in  the  previous  lemma  and  let  #1  be  the  restriction  of  to  N^v>B)(Si). 
(Notice  that  NGl(V)(S)  =  JVGl(v)(Si)  because  Si  is  a  characteristic  subgroup  in  S 
and  S  =  CGl(V)(Si),  so  Ni{v,b)(Si)  is  indeed  a  subgroup  of  iV"GL(V)(S).) 

Since  ker(*i)  =  CI(v,B){Si)  =  Si,  the  index  of  5X  in  Nj(v,B)(Si)  cannot  be 
larger  than  |Gal(£|F)|  =  d  and  in  order  to  show  that  it  is  actually  equal  to  d  it  is 
sufficient  to  show  that  #1  is  an  onto  map. 

For  any  a  €  Gal(£|F)  define  a  £  GL(V)  as  in  the  previous  lemma.  That  is, 
we  fix  a  nonzero  vector  v  in  V  and  (ve)a  -  ve"  for  all  e  e  E.  As  we  saw  it  before, 
a'1  fa  =  fa  for  any  /  G  E.  This  implies  that 

r(a)/r(^)-1  =  r^M/)*)  =  r(r(fY)  =  f 

for  any  /  €  E,  and  hence  (tt(ct)  centralizes  E,  which  can  only  happen  if  ar(a)  e  S. 
Say  <tt(<t)  =  sk  where  s  is  a  generator  element  in  S.  Then 

(sk)9*  =  T(sk)  =  r(ffr(ff))  =  ar(a)  =  s*  , 
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and  so  q$+1  divides  k.  This  implies  that 

aT(&)  =  sk  =  zqi+l  =  zt(z) 

for  some  z  G  S.  Now 

{z-la)T(z-x&)  =  z-'i&Ti&Mz)-1  =  z-1[zt{z)]t{z)-1  =  1  , 

which  means  that  z_1<7  €  I(V,  B).  Also,  #i(z_1<7)  =  #i((t)  =  a.  This  shows  that 
is  an  onto  map  from  Nj(V,B)(Si)  to  Gsl(E\F)  and  therefore  \Nhv,b)(Si)  :  5"i|  =  rf. 

■ 

Lemma  2.1.8  The  number  of  Singer  cycles  in  GLd{q)  is 

d-i 

jt=i  H 

and  they  are  all  conjugate  to  each  other. 

Proof:  Let  V  be  a  vector  space  of  dimension  d  over  F9  and  let  S\  and  5*2  be  two 
Singer  cycles  in  GL(V).  Let  F  denote  the  field  of  scalar  multiplications  on  V  and 
let  Ei  =  EndF,Sl(V),  E2  =  EndFqs2(V).  Then  Ex  and  E2  both  contain  F  and  by 
Lemma  2.1.4,  E\  ~  E2  ^  Fqd.  So  there  is  a  field  isomorphism  a  :  Ex  — »  E2  that  fixes 
F  elementwise.  Define  a  map  g  on  V  as  follows.  Let  v  be  a  fixed  nonzero  vector  in 
V  and  let 

g:V  — ►  V 

ue  i — y   vea    (V  e  €  £x)  . 

This  is  a  well-defined  map  by  Lemma  2.1.5  and  g  is  actually  a  nonsingular  linear 
transformation  on  V  as  for  any  e,  /  6  E  and  A  6  F 

(ve  +  vf)g  =  v{e  +  f)g  =  v{e  +  f)a  =  v(ea  +  f°)  =  vea  +  vfa  =  (ve)g  +  (vf)g  , 

(Xve)g  =  v(Xe)a  =  vXea  =  X((ve)g)  , 
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vg  =  0        vea  =  0        ea  =  0        e  =  0  4=*>  ue  =  0  . 
Furthermore,  for  any  e,  /  €  E\ 

{ve){g-lfg)  =  (ve°-l)fg  =  v{ea~l  f)a  =  vefa 

and  thus  g~xfg  =  fa  for  any  /  €  showing  that  g~1Elg  =  E2.  Then  it  follows 
that 

g~1S1g  =  g-l{Er  \  {0})g  =  E2  \  {0}  =  S2 

so  Si  and  5*2  are  conjugate  in  GL(V),  and  this  is  true  for  any  two  Singer  cycles  in 
GL(V).  Since  by  Lemma  2.1.2  the  set  of  Singer  cycles  in  GL(Vr)  is  non-empty  and 
by  Lemma  2.1.6  the  order  of  the  normalizer  of  a  Singer  cycle  is  d(qd  —  1),  the  number 
of  Singer  cycles  in  GL(V)  must  be  =  \qd^  [£!  (!"£)•  1 

Lemma  2.1.9  The  number  of  Singer  cycles  in  SLd(q)  is 

3^-"  Q  (!-?)• 

fc=l  ^ 

Proof:  For  every  Singer  cycle  S  in  GLd(g),  Si  =  S  f)  SLd(q)  is  a  subgroup  of  S 
with  index  q  -  1  and  so  Si  is  a  Singer  cycle  in  SLd(q).  On  the  other  hand  if  Si  is 
a  Singer  cycle  in  SLd(<j)  acting  on  a  vector  space  V  of  dimension  d  over  F,  then  by 
Lemma  2.1.3  Si  acts  irreducibly  on  V  and  by  Lemma  2.1.4  Endp,Si(V0  ^  Fqd.  So 
S  =  EndF,s,(V0  \  {0}  is  a  Singer  cycle  in  GL(V)  with  S  H  SL(V)  =  Si.  This  shows 
that  there  is  a  bijection  between  the  set  of  Singer  cycles  in  GLd(q)  and  the  set  of 
Singer  cycles  in  SLd(q).  Therefore,  these  two  sets  have  the  same  cardinality,  which  is 

i^-D  n£i  (1  _    by  Lemma  2>L8<  u 

Lemma  2.1.10  The  number  of  Singer  cycles  in  a  symplectic  group  Sp2d(q)  w 

5^0 -?)fi  (i-?)- 


The  number  of  Singer  cycles  in  a  general  unitary  group  GUd(q2)  of  odd  degree  is 

k=l  H 

In  both  cases,  the  Singer  cycles  are  all  conjugate  to  each  other. 

Proof:  As  usual,  let  V  be  a  vector  space  of  dimension  d  over  F,,  let  B  be  a  non- 
singular  symplectic  or  unitary  form  on  V  and  let  /(V,  B)  be  the  isometry  group  of 
(V,B).  If  B  is  symplectic,  let  d  =  2e  and  if  B  is  unitary,  we  assume  that  d  is  odd 
and  q  =  q\.  And  as  before,  let  r  denote  the  anti-isomorphism  of  Endp9(V/)  such  that 
B(u<p,v)  =  B(u,r((p))  for  all  u,v  £  V  and  <p  £  Endp9(V). 

First  we  will  show  that  any  two  Singer  cycles  in  I(V,  B)  are  conjugate.  Let 
Si  =  (si),  S2  =  (s2)  be  two  Singer  cycles  in  /(V,  B)  and  let  E\  =  Endp^S;  (V), 
E2  =  EndF,s2(V).  By  Lemma  2.1.4,  Ei  and  E2  are  fields  of  cardinality  qd,  so  El  = 
Ei  \  {0}  and  =  E2  \  {0}  are  Singer  cycles  in  GL(V).  We  know  from  the  proof 
of  Lemma  2.1.8  that  any  two  Singer  cycles  in  GL(V)  are  conjugate,  so  g~lElg  =  E^ 
for  some  g  E  GL(V).  Then  of  course  g~l S\g  =  S2  because  .Si  and  S2  are  the  only 
subgroups  of  order  qi  +  1  in  E\  and  in  E^,  respectively.  We  may  choose  the  generator 
elements  Si  and  s2  for  Si  and  S2  so  that  g~lS\g  =  s2.  Then  since  s\,s2  £  I(V,  B), 

s2  =  r(s2)_1  =  rig^sig)-1  -  r{g-ls\xg)  =  T{g)sXT{g)-x 

so  both  the  conjugation  by  g  and  the  conjugation  by  r(g)~1  take  sx  to  s2)  therefore 
gT(g)  £  Cgl(V)(5'i)  —  Now  we  can  use  the  same  argument  as  in  the  proof  of 
Lemma  2.1.7  to  conclude  that  gr(g)  =  zt(z)  for  some  z  £  E*.  (And  in  general  it  is 
always  true  in  a  finite  field  that  an  element  fixed  by  an  involutionary  automorphism 
r  is  of  the  form  zt{z)  for  some  z  in  the  field.)  Now 

{z-lg)T{z-'g)  =  ^VG?)]^)"1  =  z-1[zt{z)]t{z)-1  =  1  , 

that  is,  z~lg  £  I(V,  B).  Also,  the  conjugation  by  z~lg  puts  st  to  s2,  showing  that  Si 
and  S2  are  conjugate  in  /(V,  B). 
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By  Lemma  2.1.2,  the  set  of  Singer  cycles  in  I(V,  B)  is  non-empty  and  by 


as  wanted.  ■ 

We  end  this  section  by  proving  that  the  largest  cyclic  subgroups  in  a  general 
linear  group  GLd(<?)  are  the  Singer  cycles.  In  order  to  do  that,  first  we  prove  an 
interesting  fact  about  polynomials  over  finite  fields. 

Lemma  2.1.11  Let  f(x)  G  Fq[x]  be  a  polynomial  over  F,  of  degree  d  with  /(0)  ^  0. 
Then  there  is  a  positive  integer  r  such  that  r  <  qd  —  1  and  f(x)  divides  xr  —  1. 

Proof:  Use  induction  on  the  number  of  irreducible  components  of  f{x).  First  assume 
that  f(x)  is  irreducible  over  F9.  Then  Fq[x]/(f(x))  is  a  field  of  cardinality  qd  and 
therefore  xqd~1  =  1  (modulo  f(x)). 

Next  assume  that  f(x)  =  g(x)k,  k  >  2  and  g(x)  is  an  irreducible  polynomial 
over  F,  of  degree  m.  By  the  previous  argument  g(x)  divides  x,m_1  —  1.  If  k  =  2 
then  f(x)  divides  (x9"*"1  -  l)9  =  x"m^-q  -  1  while  qm+1  -  q  <  qkm  -  1  =  qd  -  1,  so 
the  statement  of  the  lemma  is  true  for  f(x).  If  k  >  3  then  qb~l  <  k  <  qh  for  some 
positive  integer  b  and  notice  that 


Lemma  2.1.7  the  order  of  the  normalizer  of  a  Singer  cycle  in  I(V,B)  is  d(q*  +  1). 
Hence  the  number  of  Singer  cycles  in  /(V,  B)  is 


(fc-l)m  _  ^ 


,km 


-  1 


kq  <  1+  qm  +  q2m  +  . . .  +  q 


Then  f(x)  divides  (x'™"1  -!)""  =  x^-1*"  - 


1  while 


(qm  ~  1)<76  <  (9m  -  l)kq  <  (qm  -  1)^ 


,km 


-  1 


m  _  I 


=  qkm  -  1  =  qd  -  1  . 
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Finally,  assume  that  f(x)  =  g(x)h(x)  with  (g(x),h(x))  =  1,  deg  g(x)  =  d\, 
deg  h(x)  =  d2,  g(x)\xri  - 1,  h(x)\xr2  -  1,  n  <  <?dl  - 1  and  r2  <  -  1.  Then  g(x)  and 
h(x)  both  divide  xr>r2  -  1,  so  f(x)  divides  xr'r2  -  1,  and  nr2  <  (qdl  -  l){qd2  -  1)  < 
qdi+d2  _  i  —  gd  _  i  This  completes  the  proof.  ■ 

Lemma  2.1.12  Let  if  e  GLd(q)  then  \ip\  <  qd  -  1. 

Proof:  Let  g(x)  be  the  characteristic  polynomial  of  <p.  Then  deg  g(x)  =  d  and  by 
the  previous  lemma  there  is  a  positive  integer  r  such  that  r  <  qd  —  1  and  g(x)  divides 
xr  —  1.  Since  sr(y>)  =  0,  this  implies  that  c//  —  1  =  0  and  thus  the  order  of  if  divides 
r,  a  number  which  is  at  most  qd  —  1.  ■ 

2.2    Extension  Field  Type  Subgroups 

Lemma  2.2.1  Let  n,d  be  positive  integers  such  that  n  divides  d  and  let  q  be  any 
prime  power.  Then  GLj(q)  contains  a  subgroup  isomorphic  to  GLd(qn). 

Proof:  Consider  a  vector  space  V  of  dimension  ~  over  F,n.  Then  V  is  also  a  d- 
dimensional  vector  space  over  F9.  And  since  every  Fgn-linear  transformation  of  V  is 
also  an  F?-linear  transformation,  we  have 

GM9n)  ~  GLF,n(y)  <  GLF,(V)  ~  GLd(q) 

showing  that  GLd(q)  has  a  subgroup  isomorphic  to  GLd(qn).  ■ 

n 

Lemma  2.2.2  Let  G  ~  GLd(q)  and  let  HUH2  <  G  with  Ht  ~  H2  a  GL<t(qn). 

n 

Suppose  Hi  D  H2  contains  a  Singer  cycle  of  G.  Then  H\  =  H2. 

Proof:  Let  G  =  GL(V)  for  some  vector  space  V  of  dimension  d  over  F9,  and  let 
(s)  =  S  be  a  Singer  cycle  of  G  contained  in  //i  D  H2.  Furthermore,  let  C\  =  Z(Hi), 
C2  =  Z(H2),  Fx  =  Ci  U  {0|v}  and  F2  =  C2  U  {0|v}.  Then  F,  ~  F2  ~  F,n  and  the 
actions  of  Fi  and  F2  define  two  F,n-vector  space  structures  on  V  with  Hi  —  GLf,  (V) 
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and  H2  =  GLp2(V)-  Notice  that  C\  and  C2  both  centralize  S,  so  by  Lemma  2.1.6 
(according  to  which  CGL(V)(S)  =  S)  C\  and  C2  are  both  subgroups  of  S.  But 
since  S  is  cyclic  and  |Ci|  =  |C2|,  we  must  have  C\  =  C2,  and  then  Fx  =  F2  and 
Hi  =  GLFl  (V)  =  GLF2(V)  =  H2,  as  wanted.  ■ 

Lemma  2.2.3  Let  G  ~  GLd(q)  and  HUH2  <  G  with  Hi  ~  H2  ~  GL<,(qn).  Then 
Hi  and  H2  are  conjugate  in  G. 

Proof:  Let  Si  and  S2  be  Singer  cycles  in  Hi  and  H2,  respectively.  Then  = 
|S2|  =  (qn)i  -  1  =  qd  -  1  so  actually  Si  and  S2  are  both  Singer  cycles  in  G.  By 
Lemma  2.1.8,  S2  =  g~lSxg  for  some  g  <E  G,  so  S2  is  a  Singer  cycle  in  both  g~xHig 
and  7/2,  and  by  the  previous  lemma  g~xHxg  —  H2.  ■ 

Lemma  2.2.4  Let  G  ~  GLd(q)  and  GLA{qn)  ~  H  <  G.   Then  \NG{H)  :  H\  =  n 

n 

and  NG(H)  -Z„Kff. 

Proof:  Assume  G  =  GL(V)  for  some  vector  space  V  of  dimension  d  over  F9.  Let 
C  =  Z(H),  F  =  CU  {0|v},  sof~  F,n  and  #  =  GLF(V).  For  any  g  €  Afe(ff),  the 
conjugation  by  g  stabilizes  C  and  F,  and  fixes  F,  (the  field  of  scalar  multiplications 
on  V)  elementwise,  hence  this  way  we  get  a  natural  homomorphism  $  from  NG(H) 
to  Gal(F|F,)  with  ker(tf)  =  NG(H)  D  EndF(V)  =  H.  Since  |Gal(F|F,)|  =  n,  this 
shows  that  \NG(H)  :  H\  <  n. 

For  any  a  G  Gal(F|F,)  define  a  map  a  on  V  as  follows.  Let  {vi,v2, ...  ,  v<±\ 
be  a  fixed  basis  of  V  over  F  and  let 

a:V  — ►  V 

n  n 

^Ufcafe  i — >>    J^^Ofc        (Va1,o2,.  •  •  ,«i  G  F) . 

k-l  k=l 

It  is  easy  to  check  a  is  an  F9-linear  transformation  of  V.   Furthermore,  for  any 
{vka){6--lpa)  =  vka"~\0a)  =  vk{a'~l  /?)*  =  (vka)P° 
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which  implies  that  a  €  NG(C)  =  NG(H)  and  *(<r)  =  a.  This  shows  that  *  is  an  onto 
map  and  therefore  \Ng(H)  :  H\=n.  It  is  also  clear  that  for  any  (Ti,a2  G  Gal(F|F,), 
=  bxb2,  hence  for  R  =  {a  \  a  <E  Gal(F|F9)}  we  have  R  ~  Gal(F|F,)  ~  Zn  and 
Nq(H)  =  RkH.  ■ 

Definition  2.2.5  Let  G  ~  GLAq),  n  be  a  divisor  of  d  and  let  GLd(qn)  ~  H  <  G. 

n 

Then  Nq{H)  is  called  an  extension  field  type  subgroup  of  G. 

The  action  of  a  on  H  by  conjugation  where  (a)  =  R  as  in  Lemma  2.2.4  ** 
called  a  Frobenius  action  on  H. 

The  next  Lemma  is  a  preparation  for  proving  that  two  different  subgroups  in 
GLd(q)  that  are  isomorphic  to  GL <t(qn)  have  different  normalizers. 

Lemma  2.2.6  Let  V  be  a  vector  space  of  dimension  d  over  Fq,  G  =  GL(V)  and  let 
S  be  a  Singer  cycle  in  G.  Suppose  n  is  a  divisor  ofgcd(qd  —  1,  d)  and  Si  is  a  subgroup 
of  S  with  index  n.  Then  Si  acts  irreducibly  on  V  and  Cg(Si)  =  S. 

Proof:  We  will  assume  that  n  >  1,  otherwise  there  is  nothing  to  prove.  First  we 
show  that  n  cannot  be  divisible  by  a  primitive  prime  divisor  of  qd  —  1.  For  if  r  is  a 
prime  divisor  of  n,  then  r  also  divides  d,  so  qd  —  1  =  (qr)^  —  1  =  q*  —  1  (mod  r), 
showing  that  r  is  certainly  not  a  primitive  prime  divisor  of  qd  —  1. 

Therefore,  if  qd  —  1  has  a  primitive  prime  divisor,  then  that  divides  the  order 
of  Si,  forcing  Si  to  act  irreducibly  on  V.  If  qd  —  1  does  not  have  a  primitive  prime 
divisor,  then  either  (d,  q)  =  (6, 2)  or  d  =  2  and  q  +  1  is  a  power  of  2.  Suppose 
(d,q)  =  (6,2).  Then  gcd(9d  -  l,d)  =  gcd(63,6)  =  3  so  n  =  3  and  |Si|  =  21.  Notice 
that  in  this  case  Si  has  three  orbits  of  size  21  on  the  set  V  \  {0},  so  any  Si-invariant 
subspace  of  V  must  have  a  cardinality  of  21k  + 1  for  some  0  <  k  <  3,  which  obviously 
means  that  V  must  be  irreducible  under  the  action  of  Si .  Now  suppose  d  =  2.  Then 
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n  =  2  and  Si  has  two  orbits  on  V\  {0},  again  leaving  no  chance  for  a  proper  invariant 
subspace. 

Finally,  since  Si  acts  irreducibly  on  V,  by  Lemma  2.1.4  Endp^s^V)  ~  Fqd,  so 
|EndF,Sl(V0|  =  qd  and  \Ca{Si)\  =  qd  -  1.  But  on  the  other  hand  \S\  =  qd  -  1  and 
S  <  Cg(Si),  therefore  S  has  to  be  equal  to  Cg(S\).  ■ 

Lemma  2.2.7  Let  G  ~  GLd(q)  and  HUH2  <  G  with  Hx  ~  H2  sa  GLd(qn)  and 

n 

#!  /  /T2.  T/ieri  Ng{H\)C\Ng{H2)  contains  no  Singer  cycles.  In  particular,  Ng(Hi)  ^ 

Proof:  Suppose  S  is  a  Singer  cycle  in  G  that  normalizes  i/i,  and  let  Si  =  S  H  H\. 
Since  \Ng{Hi)  :  Hi\  =  n,  \S  :  Si\  must  be  a  divisor  of  n  and  then  by  the  previous 
lemma,  Cg(Si)  =  S.  This  implies  that  the  centralizer  of  H\,  Cg(Hi)  is  contained 
in  S,  and  then  S  <  Cg{Cg{Hi))  =  Hi.  By  the  same  reason,  any  Singer  cycle 
normalizing  H2  must  be  contained  in  H2. 

By  Lemma  2.2.2,  no  Singer  cycle  of  H2  is  contained  in  Hi.  Hence  no  Singer 
cycle  in  Ng(H2)  is  contained  in  Nq(Hi).  ■ 

Lemma  2.2.8  Let  d,n  be  positive  integers  with  n\d.  Then  the  number  of  extension 
field  type  subgroups  in  GL<i(q)  isomorphic  to  Zn  tx  GLd(qn)  is 


Proof:  By  Lemma  2.2.3  any  two  extension  field  type  subgroups  corresponding  to 
the  same  divisor  n  of  d  are  conjugate  in  GLd(q)  and  hence  the  statement  follows 
from  Lemma  2.2.4  once  we  recall  that  Hi,H2  <  GLd(q),  Hi  ~  H2  —  GL d(qn)  and 
^  H2  implies  Ng(Hi)  ^  NG{H2).  ■ 


1  \GLd(q)\  1  rf2_£ 
n  '  \GLd(qn)\  nq 


l<k<d 
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Lemma  2.2.9  Suppose  V  is  a  vector  space  of  dimension  d  over  Fq,  B  is  a  non- 
singular  symplectic  form  on  V  and  I(V,B)  is  the  isometry  group  of(V,B).  Further- 
more, let  H  be  a  subgroup  of  GL{V)  isomorphic  to  GLd(qn)  for  some  divisor  n  of  d 

n 

and  let  Hi  =  H  D  /(V,  B).  If  Hi  contains  a  Singer  cycle  of  I(V,  B)  then 

•  either  Hi  ~  Spd(qn), 

n 

•  or  n  is  even,  -  is  odd  and  H\  ~  GUd(qn). 

n  n 

Proof:  Let  C  =  Z{H),  F  =  C  U  {0|v},  so  F  ~  F,«  and  H  =  GLjr(V),  and  let  r  be 
the  anti-isomorphism  of  Endp9(V)  with  the  property  that  B(v<p,w)  =  B(v,wr(<p)) 
for  all  v,w  e  V  and  tp  €  EndFq(V).  Furthermore,  let  (si)  =  Si  be  a  Singer  cycle  of 
I(V,B)  contained  in  Hi  and  let  E  =  EndFSl(V)  =  EndF,5l(V),  (s)  =  S  =  E\  {0}, 
so  E  ~  Fqd,  Sis  a  Singer  cycle  in  GL(V)  and  also  in  H,  and  5Tl/(V,  B)  =  Si.  Notice 
that  F  is  a  subfield  of  E  since  F  \  {0}  =  C  <  S  =  E  \  {0}  . 

Now  since  r  stabilizes  Si  (as  t(si)  =  5J"1),  r  must  stabilize  £  =  Endp,^^) 
and  therefore  every  subfield  of  E,  in  particular  r  stabilizes  F.  But  then  T  also 
stabilizes  EndF(y)  and  H  =  GLF{V). 

Since  r  fixes  F,  (the  scalar  multiplications  on  V)  elementwise,  we  have  that 

r  acts  as  a  Galois  automorphism  of  the  field  extension  F|F,.  And  since  r2  =  1  and 

|Gal(F|F,)|  =  |Gal(F,n|F9)|  =  n,  r  must  be  the  identity  on  F  whenever  n  is  an  odd 

number.  If  n  is  even  then  r  may  act  on  F  as  the  involutionary  field  automorphism, 

a 

in  which  case  r(a)  =  a?    for  all  a  £  F. 

First  suppose  r(a)  =  a  for  all  a  6  F  and  define  an  F-bilinear  map  Bi  on  V 
as  follows. 

Bi:V  xV  — ►  F 

(u,«)  1 — >•  ^B(uA_1,u)A. 

A€F« 
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Clearly  Bx  is  additive  in  both  variables.  Furthermore,  for  any  ix,  v  G  V  and  /jGF 
B!(u/i,v)  =  J]  B(u/i\-\v)\  =  ^  5(u(A/z-1)-1,t;)(A/i-1)/x  =  Bi(u,v)ft , 

AeF*  AeF* 

fi(t;,w)  =  ^(wA-1,u)A  =  ]T  -B(u,v\~l)\  = 

AeF*  AeF* 

=  -  £  5(ur(A-1),W)A  =  -  £  B(u\-\v)\  =  -B1(u,v)  , 

AeF*  AeF* 

and  if  Tr  denotes  the  trace  map  from  F  to  Fg  then 

TV(fli(u,t;))   =    J]  ^(uA-SwWA) 

AeF* 

AeF* 

=  B(u  ^  A_1Tr(A),v) 
AeF* 

=  b(«  £  f>«"-,») 

AeF*  fe=o 

fc=0  AeF* 

=   B(-u,v)  =  -B(u,v) 

because 


-1,  if  \F\  -  1  divides  t  ; 
0,      otherwise  . 


This  shows  that  Bi  is  a  non-singular  symplectic  F-bilinear  form  on  V.  Let  /(V,  Bi)  < 
GLF(V)  be  the  isometry  group  of  (V,#i).  The  equality  Tr(fii («,«))  =  -#(u,v) 
implies  that  /(V,  5X)  <  I(V,  B),  so 


/(V,  B^  <  I(V,  B)  n  GLF{V)  =  I(V,  B)C)H  =  H1 
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On  the  other  hand  if  g  €  Hi  then  gX  =  Xg  for  all  A  G  F  and 

Bi{ug,vg)   =    ^  B^gX'1  ,vg)X 

AeF* 

=    Yl  B(uX-1g,vg)X 
AeF* 

=  J2b(uX~\v)X 

AeF* 
=  Bi(u,v) 

for  all  u,t>  €  V.  Hence  Hx  =  I(V,Bi)  ~  SPi(gn). 

n 

Now  suppose  n  =  2m,  F  ~  F,2m  and  r(a)  =  a9™  for  all  a  E  F.  Fix  an  element 
J  €  F  such  that  Sqm  =  —8,  let  Z?i  be  the  form  on  V  defined  as  in  the  previous  case 
and  let  B2(u,v)  =  8Bi(u,v)  for  all  u,«  €  V.  Then  £?2  is  non-singular  and  linear  in 
the  first  variable,  as  we  already  proved  these  properties  for  Bi .  Furthermore,  for  any 
vectors  u,  v  in  V 

B2(v,u)  =  S^2  B(vX-\u)X  =  8^  -B^vX-^X  =  -S       B{ut(\)-\v)\  = 

AeF*  AeF*  AeF* 

=  8"m       B(uX-"m,v)X  =  8"m       B(uX-\v)X"m  =  89mB1(u,v)"m  =  B2{u,v)«m  . 
AeF*  AeF* 
This  shows  that  52  is  a  unitary  form  on  V,  and  with  the  same  line  of  reasoning  as 

we  did  in  the  previous  case,  Hi  =  I(V,B2)  m  GVd(qn).  Notice  that  in  this  case 

n 

^  must  be  an  odd  number,  since  unitary  groups  in  even  dimension  do  not  contain 
Singer  cycles.  (See  the  remark  after  Lemma  2.1.2.)  On  the  other  hand  if  n  is  even 
and  -  is  odd,  then  there  is  no  Spd(qn),  so  Hi  must  be  isomorphic  to  GU i(qn).  ■ 

n  n  B 

Lemma  2.2.10  Let  V  be  a  vector  space  of  dimension  d  over  Fq,  G  =  GL(V)  and 
let  Hi,H2  <  G  with  Hi  ~  H2  ~  GLd(qn).   Furthermore,  let  B  be  a  non-singular 

n 

symplectic  form  on  V  and  let  I(V,B)  be  the  isometry  group  of  (V,B).  Suppose 
Hi  D  H2  contains  a  Singer  cycle  of  I(V,  B).  Then  Hi  =  H2. 

Proof:  Let  S  be  a  Singer  cycle  of  /( V,  B)  contained  in  both  Hi  and  in  H2  and  let 
Fi  =  Z(Hi)  U  {0\v},  F2  =  Z(H2)  U  {0\v}.  Then  \S\  =  qi  +  1,  Fi  ~  F2  ~  F,„  and  by 
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Lemma  2.1.4, 

EndFlSl(V)  ~  EndF2Sl(V)  ~  EndF,5x(V)  m  F,d  . 

Since  obviously  EndFls,(V)  <  EndF,s,(V)  and  EndF2Si(V)  <  EndF,5,(V),  this  im- 
plies that 

EndFlSl(V)  =  EndF2Sl(V)  =  EndF,Sl(V) 

and  S  =  EndF,s,(V)  \  {0}  is  a  Singer  cycle  not  only  in  G  but  also  in  Hi  and  H2. 
Then  by  Lemma  2.2.2,  Hx-H2.  ■ 

Lemma  2.2.11  Let  V  be  a  vector  space  of  dimension  d  over  F,,  G  =  GL(V)  and 
let  Hi,H2  <  G  with  Hi  ~  H2  ~  GLd(qn).  Furthermore,  let  B  be  a  non-singular 

n 

symplectic  form  on  V  and  let  I(V,B)  be  the  isometry  group  of(V,B).  Suppose  both 
Hi  and  H2  contain  a  Singer  cycle  of  I(V,B).  Then  Ht  D  I(V,  B)  and  H2  l~l  I(V,B) 
are  conjugate  subgroups  in  I(V,B). 

Proof:  Let  Si  and  S2  be  Singer  cycles  of  I(V,  B)  contained  in  Hi  and  in  H2,  respec- 
tively. By  Lemma  2.1.10,  g~lStg  =  S2  for  some  g  €  I(V,B).  Then  S2  is  contained 
in  both  g~xHig  and  H2,  so  by  the  previous  lemma  g~lHig  =  H2  and  therefore 
g-l[HinI(V,B)]g=H2nI{V,B).  u 

Lemma  2.2.12  Let  V  be  a  vector  space  of  dimension  d  over  Fq,  G  =  GL(V)  and 
let  GLd(qn)  ~  H  <  G.  Furthermore,  let  B  be  a  non-singular  symplectic  form  on  V, 

n 

/(V,  B)  the  isometry  group  of  (V,  B)  and  Hi  =  H  D  /(V,  B).  If  Hi  contains  a  Singer 
cycle  of  /(V,  B)  then 

NI{y,B){Hl)  =  NG{H)M{V,B). 
Proof:  If  g  €  NG{H)  n  I(V,  B)  then 

g-'Hig  =  g~\H  fl  /(V,  B))g  =  g~lHg  n  g~lI(Vt  B)g  =  HH  /(V,  B)  =  Hi 
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showing  that  NG(H)  D  I(V,B)  <  iV/(v,B)(#i).  On  the  other  hand,  suppose  that 
g  G  Ni(V,B)(Hi).  Then  Hi  <  Hf\g~1Hg  and  so  H  and  g~lHg  share  some  Singer  cycles 
of  I(V,  B),  so  by  Lemma  2.2.10,  g~lHg  =  H.  This  shows  that  Ni{v,b)(Hi)  <  NG(H), 
therefore  Ni{v,b)(Hi)  <  NG(H)  D  I(V,  B).  ■ 

Lemma  2.2.13  Let  V  be  a  vector  space  of  dimension  d  over  F,,  G  =  GL(V)  and 
let  GLd(qn)  ~  H  <  G.  Furthermore,  let  B  be  a  non-singular  symplectic  form  on  V, 

n 

I(V,B)  the  isometry  group  of  (V,B)  and  Hi  -  Hf\I(V,B).  If  Hi  contains  a  Singer 
cycle  of  I{V,B)  then  |JV/(v,B)(#i)  :  #i|  =  n.  Furthermore,  if  jj  is  even,  then 

NHv,B)(Hi)  *  ZB  K  Hx  . 

Proof:  Define  the  field  F  and  the  map  *  :  Nq(H)  Gal(F|F,)  the  same  way  as 
in  the  proof  of  Lemma  2.2.4.  That  is,  F  =  Z(H)  U  {0|v}  F,»  and  ^(^)  is  the 
action  of  g  on  F  by  conjugation  for  any  g  €  NG{H).  Let  *i  be  the  restriction  of  $ 
to  Ni(v,B)(Hi).  Notice  that  this  restriction  does  make  sense  because  N/(y,B)(#i)  < 
NG(H)  as  we  proved  it  in  Lemma  2.2.12.  Furthermore, 

ker(*i)  =  ker(tf )  n  NiiVjB)(Hi)  =  Hn  (NG(H)  D  /(V, B))  =  ff,  , 

showing  that  N^v,B)(Hi)/ Hi  is  isomorphic  to  a  subgroup  of  Gal(F|F9)  ~  Zn. 

On  the  other  hand,  it  is  possible  to  show  by  an  easy  calculation  that  the  index 
of  Hi  in  Ni(vtB)(Hi)  is  at  least  n.  For  if  Si  is  a  Singer  cycle  of  I(V,  B)  contained 
in  Hit  then  \NI{ViB)(Si)  :  St\  =  d  and  \NI{ViB)(Si)  n  Hx  :  5,|  =  [iVjr^i)  :  5i|  = 
Notice  that  Nny,B){Si)  <  Ni^b)(Hi)  because  of  Lemma  2.2.2  and  now  the  image  if 
|A^/(v)B)(5i)  in  the  quotient  group  Ni(v,B)(Hi)/ Hi  is  a  cyclic  group  of  order  n. 

From  now,  we  assume  that  ^  is  even,  so  Hi  ~  Spd(<7n).  Define  the  form 
Bi  as  in  the  proof  of  Lemma  2.2.9,  so  Hi  =  I(V,Bi)  ~  Spd(qn)  if  *  is  even  and 
Hi  =  I(V,B2)  ~  GUd(9n)  if  &  is  odd.  And  for  any  a  G  Gal(F|F,)  define  the 
linear  transformation  a  on  V  the  same  way  as  in  the  proof  of  Lemma  2.2.4,  with  the 
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extra  condition  that  this  time  let  {vi,v2, ...  ,Vd}  be  a  fixed  F-basis  of  V  such  that 

n 

Bi(vi,Vj)  €  {-1,0,1}  for  all  1  <  i,j  <  f  We  will  show  that  a  €  Ni{vj)(Hx)  and 
=  a  for  all  a  <E  Gal(F|F9).  Actually  in  Lemma 2.2.4  we  proved  that  b  €  Nq(H) 

and         =  a,  so  what  we  only  need  is  that  a  G  /(V,  5)  for  any  a  G  Gal(F|F,). 

Let  r  be  the  anti-isomorphism  of  EndF,(V)  as  in  Lemma  2.2.9  and  recall  that 

r(a)  =  a  for  all  a  e  F.  Then  for  any  l<ij<i  and  a,0  €  F, 

B(viaa,VjPor)  =  B(Via° \vfi°)  = 

=  -Tr(S!  (t>ia*,  =  -Tr^'r^Bite,^))  =  -Tr^f^^r"1)  = 

=  -Tr^/?)^,,^))  =  -TrC^a,^))  =  B{via,vfi)  . 

This  shows  that  <r  €  /(V,  S)  since  the  set 

{u,a  1 1  <  i  <  -  ,  a  <E  F} 
n 

generates  V  over  Fg. 

Finally,  since  R  =  {&  \  a  €  Gal(F|F,)}  is  a  cyclic  group  of  order  n,  we  have 
NnvwiHi)  =  R  *  Hi  ~  Zn  k  ft.  m 

Definition  2.2.14  Let  G  ~  GLd(q),  Spd(q)  ~  Gi  <  G,  /ei  n  6e  a  Awsor  of  d  and 
let  GLd{qn)  ~  H  <  G  such  that  Hi  =  H  f)Gi  contains  a  Singer  cycle  of G\.  Then 

n 

Ngi(Hi)  is  called  an  extension  field  type  subgroup  of  G\. 

The  action  of  a  on  Hi  by  conjugation,  where  (a)  =  R  as  in  Lemma  2.2.13  is 
called  a  Frobenius  action  on  Hi . 

Lemma  2.2.15  Let  V  be  a  vector  space  of  dimension  d  over  Fq,  G  =  GL(V)  and 
let  H,K  <  G  with  H  ~  K  ~  GL±{qn),  (d,n,q)  <£  {(6, 3, 2), (6, 6, 2), (2, 2, 3)}  and 

n 

H  ^  K.  Furthermore,  let  B  be  a  non-singular  symplectic  form  on  V  and  let  I(V,B) 
be  the  isometry  group  of(V,  B).  Suppose  both  Hi  =  HM(V,  B)  and  Kx  =  KM{V,  B) 
contain  a  Singer  cycle  of  I(V,B).  Then  iV/(y,B)(//i)fl N/(v,B)(#i)  contains  no  Singer 
cycle  of  I{V,B). 
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Proof:  Suppose  Si  is  a  Singer  cycle  in  /( V,  B)  and  Si  <  Ni(V,B){Hi).  Then  let 
S  =  Endp,Si(V')  \  {0},  so  S  is  a  Singer  cycle  in  G.  Furthermore,  let  C  =  CG(Hi) 
and  F  =  C  U  {0}  so  F  ~  F,n  and  H  =  GLF(V)  =  CG{C).  Since  5,  <  NI{v,B)(Hi)  ~ 
Zn  ix  Hi,  S2  =  Si  D  Hi  is  a  subgroup  of  Si  such  that  \SX  :  S2\  divides  n. 

Now  we  will  show  that  S2  must  act  irreducibly  on  V.  Suppose  qd  —  1  has  a 
primitive  prime  divisor  r.  Then  r  divides  \Si  \  —  q*  +  1  but  does  not  divide  n,  for  if 
r\n  then  r\d  and  0  =  qq-l  =  (qr)r  -1  =  —  1  (mod  r),  so  r  would  not  be  a  primitive 
prime  divisor  of  qd  —  1.  Therefore,  r  divides  |52|,  forcing  S2  to  act  irreducibly  on  V.  So 
S2  acts  irreducibly  on  V  whenever  qd  —  1  has  a  primitive  prime  divisor.  Now  assume 
that  qd  —  1  does  not  have  a  primitive  prime  divisor.  Then  (d,  q)  =  (6, 2)  or  (2, 2m  —  1) 
for  some  positive  integer  m.  If  (d,  q)  =  (6, 2)  then  because  of  our  assumption  in  the 
statement  of  the  lemma  n  =  2,  which  is  coprime  to  l^il  =  9,  so  Si  =  52  and  Si  acts 
irreducibly  on  V  by  Lemma  2.1.3.  If  {d,q)  =  (2,2m  -  1)  with  m  >  3,  then  |5i|  =  2m, 
so  \S2\  =  2m  or  2m_1.  In  both  cases  S2  contains  a  cyclic  subgroup  of  order  4,  while 
there  is  no  cyclic  subgroup  of  order  4  in  GLx(g)  x  GLi(q)  ~  Z2m_2  x  Z2m_2,  therefore 
52  must  act  irreducibly  on  V. 

Since  52  has  an  irreducible  action  on  V,  by  Lemma  2.1.4,  Endp^^)  — 
This  implies  CG(S2)  =  S  because  \S\  =  qd  -  1  and  S  <  CG(S2)  =  EndF,s2(V)  \  {0}. 
But  on  the  other  hand,  S2  <  Hi  implies  C  <  Cg(S2).   Therefore,  C  <  S,  S  < 
CG(C)  =  H,  and  Sx  <  H  n  /(V,  B)  =  HX. 

By  the  same  argument,  Si  <  Nnv,B)(Ki)  would  imply  S  <  K,  so  Si  < 
Ni(v,B)(Hi)  fl  Nj(VtB){H2)  would  imply  S  <  H  fl  K,  which  means  H  =  K  because  of 
Lemma  2.2.2.  ■ 

The  following  lemma  is  now  a  straightforward  consequence  of  Lemmas  2.2.11, 
2.2.13  and  2.2.15  : 

Lemma  2.2.16  Let  d.  n  be  positive  integers  with  d  even  and  ti\d,  and  assume  that 
(d,q)  ^  (2,3)  and  (d,q)  /  (6,2).  Then  the  number  of  extension  field  type  subgroups 
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in  Spd(q)  isomorphic  to  Zn  x  Spd(qn)  is 

n 

i.  VMM  =1^-6  n 

k  even  ,2n\k 

if  -  is  an  even  number,  and  the  number  of  extension  field  type  subgroups  in  Spd(q) 
isomorphic  to  Zn  k  GUd{qn)  is 

n 

1  \Spd(q)\ 
n  '  \GUi(qn)\ 

n 

if  -  is  an  odd  number. 

J  n 

2.3    Maximal  Overgroups  of  Singer  Elements 

In  this  section  we  will  obtain  a  list  of  maximal  subgroups  of  SLd{q)  (q  =  p* ,  p 
a  prime)  containing  an  element  of  order  a~,  and  for  any  odd  prime  power  q  and  even 
number  d  we  will  obtain  a  list  of  maximal  subgroups  of  Spd(q)  containing  an  element 
of  order  <p  +  1.  Our  calculations  will  be  based  on  a  paper  by  Robert  Guralnick,  Tim 
Penttila,  Cheryl  E.  Praeger  and  Jan  Saxl  [5].  This  paper  contains  a  classification 
of  those  subgroups  of  GLd(q)  with  orders  divisible  by  a  primitive  prime  divisor  of 
qe  —  1  for  some  |  <  e  <  d.  In  particular,  this  paper  has  a  complete  list  of  the  proper 
subgroups  of  GLd(q)  with  orders  divisible  by  a  primitive  prime  divisor  of  pfd  —  1. 
Denote  the  set  of  these  subgroups  by  S(d,q). 

If  M  is  a  maximal  subgroup  of  GLd(q)  containing  an  element  of  order 
or  q$  +1,  and  p^d  —  1  has  a  primitive  prime  divisor  (that  is,  (fd,p)  ^  (6,2)  and 
(fd,  p)  /  (2, 2h  —  1))  then  obviously  M  €  S(d,  q).  So  we  will  go  through  the  members 
of  S(d,  q)  listed  in  the  paper  mentioned  above  and  determine  one  by  one,  if  they 
contain  an  element  of  order  or  an  element  of  order  02  +  1  when  q  is  an  odd 
prime  power.  The  cases  (df,p)  =  (6,2)  and  (df,p)  —  (2,2*  —  1)  will  have  to  be 
handled  separately.  At  certain  points  we  will  refer  to  a  paper  by  W.M.  Kantor  [6], 


31 

in  which  he  proves  that  every  maximal  overgroup  of  a  Singer  element  of  GLd{q)  is 
an  extension  field  type  subgroup  isomorphic  to  GL d(qr)  ■  r  for  a  prime  divisor  r  of  d. 

r 

Throughout  this  section  Z  will  denote  the  center  of  GLd(q). 

The  set  S(d,  q)  can  be  broken  into  a  union  of  four  of  its  subsets  the  following 

way. 

S{d,  q)  =  Si(d,  q)  U  S2(d,  q)  U  S3{d,  q)  U  S4(d,  q)  , 

S\(d,q)  —  {G  €  S(d,q)\G  has  a  normal  subgroup  isomorphic  to 

SLd(q),  Spifa),  SVd(q)  or  flf  (9)  } 

S2(d,  q)  =  {G  G  S(d,  q)  \  G  is  a  subgroup  of  a  proper  extension 

field  type  subgroup  of  GLd(g)  } 

S3(d,  q)  =  {Ge  S(d,  q)\G<  NGLd{q)(S)  for  a  2-subgroup  S 

of  symplectic  type  of  exponent  4  } 

S4(d,  q)  =  {G£  S(d,  q)\G£  S^d,  q)  U  S2(d,  q)  U  S3(d,  q)  and  S  <  G/(G  H  Z)  < 

Aut(5)  for  a  finite  non-abelian  simple  group  S  }  . 


If  G  e  S3(d,q)  then  d  -  2m  for  some  integer  m>l,  r  =  rf  +  lisa  Fermat 
prime  (which  implies  that  m  has  to  be  a  power  of  2),  q  =  p*  with  p  and  /  odd  and 
one  of  the  following  holds: 

1.  rf>4,p  =  l  (mod  4)  and  G<  (5-M0)oZ  with  5  ~  4o21+2m  =  Z4oD8o...oDs 
and  M0  ~  Sp2m(2), 

2.  G  <  (S  ■  M0)  o  Z  with  S  ~  2]_+2m  =  D8  o  . . .  o  D8  o  Q8  and  M0  ~  Ojm(2), 

3.  <f  >  4  and  G  <  (S  ■  M0)  o  Z  with  S  ~  2i+2m  =  £>s  o  . . .  o  Ds  and  M0  ~  Ojra(2). 
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If  G  €  S4(d,q)  with  d  >  3  then  S  <  G/(G  fl  Z)  <  Axit(S)  for  a  non-abelian 
simple  group  S  and  one  of  the  following  holds: 

1.  d  =  r  —  1  for  a  prime  number  r  >  5  such  that  r  is  a  primitive  prime  divisor  of 
qr~l  —  1  and  G  is  isomorphic  to  a  subgroup  of  Sd+2  x  Zq-i  , 

2.  d  =  3,  p  =  5  and  S  ~  ,47  , 

3.  d  =  4  and  S  ~  A5  , 

4.  d  =  4  and  5  ~  y46  , 

5.  </  =  4  and  5  ~  A7  , 

6.  <f  =  4  and  5  ~  A8  , 

7.  </  =  6  and  S  ~  A7  , 

8.  d  =  5  and  S  ~  Mu  , 

9.  </  =  10  and  S  ~  Mu  , 

10.  <f  =  10  and  5  ~  Ml2  , 

11.  d  =  10  and  S  ~  M22  , 

12.  d=  11  and  S  ~  M23  , 

13.  d  =  22  and  S  ~  M23  , 

14.  of  =  11  and  S  ~  M24  , 

15.  d  =  6,  p  >  5  and  S  ~  J2  , 

16.  d  =  9  and  5  ~  J3  , 

17.  d  =  18  and  5  ~  J3  , 
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18.  d  =  28  and  S  ~  Ru  , 

19.  d  =  12  and  S  ~  Suz  , 

20.  d  =  6,  p  =  2  and  5  as  G2(g)  , 

21.  <f  =  4,  p  =  2  and  5  ~  2B2(q)  , 

22.  <f  =  12,  p  >  2  and  S  ~  G2(4)  , 

23.  <f  =  4,  p  =  1  (mod  6)  and  5  ~  PSU4(4)  ~  PSp4(3)  , 

24.  d  =  6,p=l  (mod  6)  and  5  ~  PSU4(9)  , 

25.  d  =  6,  p  >  2  and  5  ~  PSL3(4)  , 

26.  d  —         —  1  for  some  prime  power  s  cop  rime  to  q  and  a  prime  number  n  >  3 
such  that  r  =  d  +  1  is  a  prime,  and  S  ~  PSLn(.s)  , 

27.  =        -  1  for  some  prime  power  s  coprime  to  q  and  a  prime  number  n  >  3 
such  that  r  =  d  +  1  is  a  prime,  and  S  ~  PSU„(.s2)  , 

28.  d  =  *-f±  with  s  an  odd  prime  power,  coprime  to  q  and  n  =  2b  >  2  such  that 
r  =  d  +  1  is  a  prime,  and  S  ~  PSp2n(s)  > 

29.  </  =  2C,  c  =  2C'  >  4  such  that  r  =  d  +  1  is  a  prime,  q  is  odd  and  S  ~  PSL2(rf)  , 

30.  d  >  6,  </  +  1  is  a  prime  and  S  ~  PSL2(</  +  1)  , 

31.  d  >  3,  2d  +  1  is  a  prime  power  and  5"  ~  PSL2(2cf  +  1)  , 

We  should  mention  that  in  most  of  these  cases  there  are  additional  conditions  for  q  or 
d,  but  for  simplicity  reasons  we  will  not  consider  them,  as  long  as  it  is  not  necessary 
for  our  calculations. 
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Theorem  2.3.1  Suppose  d  =  2m  >  A,  q  —  p*  with  p,f  odd,  G  £  S3(d,q)  and  G 
contains  an  element  of  order  q*  +  1.  Then  (d,q)  =  (4,3). 

Proof:  Since  G  €  S3(d,q),  G  <  M  =  (S  •  M0)  o  Z  with  S  ~  Z4  o  Ds  o  . .  ■  o  D&, 

m 

Mo  ~  Sp2m(2),  or  S  ~  pso...oDsoQs  and  M0  ~  0jm(2),  or  S  ~  £>8  o  . . .  o  Ds 

m— 1  t> 

and  M0  —  02m(2).  Then  5  •  M0  contains  an  element  of  order  \(q*  +  1),  since 
gcd(<^  +  1,  \Z\)  =  2.  On  the  other  hand,  the  largest  element  orders  in  S  and  M0  are 
less  than  or  equal  to  8  and  22m  -  1,  respectively,  therefore  \(qi  +  1)  <  8(22m  -  1), 
9f  <  22m+4,  qd  <  24m+8.  Since  9  is  odd,  we  must  have  3d  <  24m+8,  so  2m  =  d  < 
(4m  +  8)  log3  2  <  (4m  +  8)§,  which  implies  m  <  4.  Since  m  is  a  power  of  2  itself,  it 
follows  that  m  =  2  and  d  =  4.  Now  92  +  1  =  q2  +  1  must  divide  \S\  ■  | M0|  ■  |Z|,  which 
divides  22"l+2|Sp2m(2)|(9  -  1)  =  210  •  32  •  5  •  (q  -  1).  Since  gcd(g2  +  1, 210(9  -  1))  =  2 
we  have  that  q2  +  1  divides  2  •  32  •  5  =  90.  The  only  solution  for  this  is  q  =  3,  in  which 
case  (d,  q)  =  (4, 3).  ■ 

Before  we  start  studying  the  groups  in  S4(d,  q),  we  prove  a  little  lemma  about 
the  automorphism  groups  of  finite  PSL2  groups. 

Lemma  2.3.2  //  p  is  any  prime  number  and  q  =  p*  >  5  then  the  largest  element 
order  in  Aut(PSL2(q))  isq  +  l. 

Proof:  It  is  well  known  that 

Aut(PSL2(g))  ~  PrL2(<?)  ~  [Aut(F,)  ^<  GU(q)]/Z 

where  Z  =  Z(GL2(q))  and  the  action  of  Aut(F,)  on  GL2(q)  is  understood  in  the 
natural  way. 

Let  (<r,  A)  €  Aut(F9)  k  GL2(q)  with  a  having  order  k  in  Aut(F9).  Then 
(<T,A)*  =  (l,A'fc-1....^.A)  =  (l,B) 
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with  A~lBA  =  B" .  This  implies  that  the  characteristic  polynomial  of  B  has  all  of 
its  coefficients  in  F  =  {a  €  F,  |  a"  -  a},  which  is  a  subfield  of  F,  with  |F,  :  F\  =  k. 
So  if  F  ~  F„  then  q  =  q\.  There  are  three  possibilities  for  B. 

1.  B  represents  a  p-element  in  PGL2(g); 

2.  B  is  a  p'-element  in  GL2(q)  and  the  characteristic  polynomial  of  B  is  reducible 
over  F; 

3.  B  is  a  //-element  in  GL2(<7)  and  the  characteristic  polynomial  of  B  does  not 
factor  over  F. 

In  case  1,  the  order  of  B  in  PGL2(<?)  is  p  and  therefore  (cr,  A)kp  €  Z.  In  case  2,  5 
is  diagonalizable  over  F  and  therefore  (cr,  A)k(-qi~^  =  1.  In  case  3,  B  has  two  roots 
a  and  0  in  F,?  such  that  a9l+1  =  and  therefore  (a,  €  Z.  This  shows 

that  the  order  of  (<r,  A)  modulo  Z  is  less  than  or  equal  to  k(qi  +  1).  We  need  to  show 
that  k(qi  +  1)  <  q  +  1  =  qk  +  1.  Notice  that 

i±l>^±land^±i>, 

9i  +  l~3  3  ~ 

whenever  k  ^  2.  If    =  2  then  2(<j-i  + 1)  <  <j(J  +  1  unless  qi  =  2  in  which  case  g  =  4. 

In  fact,  Aut(PSL2(<?))  always  contains  an  element  of  order  q  +  1,  since  the 
image  of  a  Singer  cycle  of  GL2(<?)  in  PGL2(g)  is  always  of  order  q+1.  ■ 

Theorem  2.3.3  Suppose  d>  3,  Cr  €  S4(d,q),  and  one  of  the  following  holds: 

•  G  contains  an  element  of  order  ^fj-; 

•  d  is  even,  q  is  odd  and  G  contains  an  element  of  order  qi  + 1. 

Then  (d,  q)  =  (3, 4)  in  the  first  case,  and  (d,  q)  =  (4, 3)  or  (6, 3)  in  the  second  case. 

Proof:  Case  1:  Assume  that  d  =  r  —  1  for  a  prime  number  r  >  5  such  that  r  is  a 
primitive  prime  divisor  of  qr~l  —  1  and  G  is  isomorphic  to  a  subgroup  of  Sd+2  x  Zq-\. 
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Notice  that  in  this  case  d  is  even  and  d  >  4.  Since  r  is  coprime  to  (q  —  1),  every 
element  in  Sd+2  x  Zq-\  with  order  divisible  by  r  must  be  of  the  form  (<7,  i)  with  some 
r-cycle  <r  in  Sd+2-  Then  |(<7,  t)\  divides  r(q  —  1).  Now  since  r  divides  q%  + 1  and  by  our 
assumption  G  has  an  element  of  order  q$  +  l,  it  follows  that  g^  +  l  divides  r(g— 1).  And 
since  gcd(g?  +  l,  g-l)  =  gcd(g-l,2),  92 +1  divides  gcd(g-l,2)r  =  gcd(g-l, 2)(d+l). 
This  cannot  happen  if  q  >  4  because  4a  +  1  =  2d  +  1  >  2{d  +  1)  for  all  d  >  4.  If 
9  =  3  then  d  must  be  4  (otherwise  3*  -|- 1  >  2(d  +  1)),  so  (d,  q)  =  (4, 3).  If  q  =  2  then 
actually  ^fy-  =  2d  —  1  divides  gcd(<7  —  1, 2)r  =  r  =  d  +  1,  which  cannot  happen  for 
any  </  >  4. 

In  all  of  the  following  cases  we  will  use  that  G/(G  D  Z)  <  Aut(5)  for  a  finite 
non-abelian  simple  group  5.  This  always  implies  that  if  G  has  an  element  of  order 
then  Aut(5)  must  have  an  element  of  order  g^ql{d\(q-i)  and  if  G  has  an  element 
of  order  q*  +  1  then  Aut(5)  must  have  an  element  of  order  8CC|(g1_1  2)(<?*  +  !)•  This  is 
simply  because  gcd(^fy,<7  —  1)  =  gcd(^—  l,d)  and  gcd(<p  +1,^—1)  =  gcd(g—  1,2). 

Case  2:  Assume  that  d  =  3,  p  =  5  and  5  ~  A7,  so  57  ~  Aut(A7)  contains  an 
element  of  order  ^l]'^^  =  gcd(q-i,3)(92  +  9  +  1)-  Since  tne  largest  order  in  57 
is  12,  this  implies  q  —  2  or  q  —  4  but  neither  of  them  is  a  power  of  5,  so  this  case 
cannot  happen. 

Case  3:  Assume  that  d  =  4  and  5"  ~  A5,  so  S5  ~  Aut(j45)  contains  an  element 
of  order  |(<j2  + 1)  if  q  is  odd  and  S5  contains  an  element  of  order  ^fy  =  (q2  + 1)(<7+ 1) 
if  9  is  even.  This  happens  only  with  q  =  3,  so  (e?,  <?)  =  (4, 3),  in  which  case  S$  contains 
an  element  of  order  \{q2  +  1)  =  5,  but  no  elements  of  order  ggg^ragza  =  20. 

Case  4:  Assume  that  d  =  4  and  5  ~  v46-  Then  56,  which  is  isomorphic  to  a 
subgroup  of  Aut(A6)  of  index  2  contains  an  element  of  order  \{q2  +  1)  if  q  is  odd,  or 
an  element  of  order  (q2  +  l)(q  +  1)  if  q  is  even.  (This  is  because  any  element  with 
odd  order  is  contained  in  any  subgroup  of  index  2,  in  general.)  As  in  the  previous 


37 


case,  this  implies  (d,q)  =  (4,3),  and  since  the  largest  element  order  in  Aut(Ae)  is  10, 
G  cannot  contain  a  Singer  cycle  of  SL4(3). 

Case  5:  Assume  that  d  =  4  and  S  ~  A7.  The  same  argument  goes  as  for  the 
previous  two  cases. 

Case  6:  Assume  that  d  =  4  and  S  ~  A8.  As  above,  either  q  is  odd  and  S& 
contains  an  element  of  order  ^(q2  +  1)  or  q  is  even  and  Ss  contains  an  element  of 
order  (q2  +  l)(q  +  1).  This  time  beside  q  =  3,  q  —  2  is  also  a  possibility.  This  is  no 
surprise,  since  GL4(2)  ~  As,  however,  GL4(2)  is  not  a  member  of  54(4,2). 

Case  7:  Assume  that  d  —  6  and  S  ~  A7,  so  S7  contains  an  element  of  order 
|(<?3  +  1)  if  q  is  odd,  and  an  element  of  order  |(g3  +  1)(<?2  +  <?  +  1)  if  g  is  even.  But 
there  is  no  such  prime  power  q. 

Case  8:  Assume  that  d  -  5  and  S  ~  Mn.  Then  Mn  ~  Aut(Mn)  should 
contain  an  element  of  order  scd(g^51~1)(g_1),  but  on  the  other  hand,  the  largest  element 
order  in  Mn  is  11.  So  if  5  divides  q  -  1  then  q5  -  1  <  55(q  -  1)  and  q4  <  55,  and  if 
5  does  not  divide  q  -  1  then  qh  -  1  <  l\(q  -  1)  and  q4  <  11.  This  is  a  contradiction 
in  either  ways. 

Case  9:  Assume  that  d  =  10  and  S  ~  Mn.  Then  Mn  has  to  contain  an 
element  of  order  8cd^1_1  2^(g5  +  1),  which  is  not  possible,  since  again,  the  largest 
element  order  in  Mn  is  11  and  gcd(,1_1[2)(95  +  1)  is  always  bigger  then  that. 

Case  10:  Assume  that  d  =  10  and  S  ~  Mi2.  As  above,  this  is  another 
impossible  case,  since  the  largest  element  order  in  Aut(Mi2)  is  12,  which  is  less  than 

gcd(9-i,2)(g5  +  !)  for  any  Prime  Power  9- 

Case  11:  Assume  that  d  =  10  and  S  ~  M22-  The  largest  element  order  in  M22 

is  14,  and  as  for  the  previous  two  cases,  14  <  8cd(g1_1  2)(<?5  +  1)  for  any  prime  power  q. 

Case  12:  Assume  that  d  =  11  and  S  ~  M23.  The  largest  element  order  in 

Aut(M23)  =  M23  is  23,  which  is  certainly  less  than  ggj^lx'fi^-i)  ^or  any  Pfime  power 

q- 
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Case  13:  Assume  that  d  =  22  and  S  ~  M23-  Again,  23  <  8cd(g1_1 2)(qn  +  1) 
for  any  prime  power  q. 

Case  14 ■'  Assume  that  d  =  11  and  S  ~  M24.  The  largest  element  order 
in  Aut(M24)  2*  M24  is  23,  while  G/(G  fl  Z)  should  contain  an  element  of  order 
gcd(g-i  which  >s  bigger  than  q9;  another  contradiction. 

Case  15:  Assume  that  d  =  6,  p  >  5  and  5  ~  J2,  so  Aut(«/2)  contains  an 
element  of  order  ^g7^j  2)(<?3  +  !)•  O*1  *ne  other  hand,  the  largest  element  order  in 
Aut(  J2)  is  24,  so  8cd(g1_1  2)(93  +  1)  ^  24,  which  implies  g  <  3,  contradicting  with  the 
assumption  that  p  >  5. 

Case  itf:  Assume  that  d  =  9  and  5  ~  J3,  so  Aut(J3)  should  contain  an 
element  of  order  gcc|(gIi~9)(g-i)>  which  is  bigger  than  <?7.  But  this  is  not  possible,  since 
the  largest  element  order  in  Aut(  J3)  is  34. 

Case  17:  Assume  that  d  =  18  and  S  ~  J3,  so  Aut(J3)  should  contain  an 
element  of  order  gcd^1_1  2^(q9  —  1),  but  this  number  is  always  bigger  than  34. 

Case  18:  Assume  that  d  =  28  and  S  —  Ru.  The  largest  element  order  in 
Aut(Ru)  ~  Ru  is  29,  which  is  less  than  sca(g-i  2)(^H        ^or  any  Prime  power  g. 

Case  19:  Assume  that  d  =  12  and  5  ~  Suz.  The  largest  element  order  in 
Aut(Suz)  is  40,  which  is  less  than  gcd^_l  2)((f  +  1)  for  any  prime  power  q,  so  this  is 
another  non-existing  case. 

Case  20:  Assume  that  d  =  6,  q  =  2*  and  S  ~  G2(<7).  The  6-dimensional 
representation  of  £2(9)  considered  in  this  case  is  a  symplectic  representation  (see  B. 
N.  Cooperstein  [2]  for  more  details),  eliminating  the  possibility  for  G  to  contain  a 
Singer  cycle  of  GLe(q). 

Case  21:  Assume  that  d  =  4,  q  =  2* ,  /  an  odd  integer  and  S  ~  2B2(q).  Let 
r  be  any  primitive  prime  divisor  of  22^  —  1.  Then  r  does  not  divide  /,  otherwise 
0  =  22*  —  1  (2r)^  —  1  =  2^  —  1  (mod  r)  and  r  would  not  be  a  primitive  prime 
divisor  of  p2f-l.  Now,  since  |Aut(252(9))|  =  fq2(q2+l)(q-l)  =  /22'(22'-rl)(2'-l) 
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is  not  divisible  by  r,  but  r  divides       ?.  .w — rr,  it  follows  that  G  cannot  contain  an 

•>     '  gcd(g-l,4)(ij-l)' 

element  of  order  q4  —  1.  In  case  if  22-^  —  1  does  not  have  a  primitive  prime  divisor, 
then  22'  =  64,  /  =  3,  q  =  8  and  |Aut(S)|  =  3  •  64  •  65  •  7  =  26  •  3  •  5  •  7  •  13,  while 

gcd(q-i74)(9-i)  =  gcd(774)(7)  =  32  •  5  '  13>  so  G  cannot  contain  a  Singer  cycle  of  GL4(g) 
in  this  case  either. 

Case  22:  Assume  that  d  =  12,  p  >  2  and  S  ~  G?2(4),  so  Aut(G2(4))  should 
contain  an  element  of  order  8cd(,1_1  2)(<?6  +  0-  But  tms  *s  not  possible  since  the  largest 
element  order  in  Aut(G2(4))  is  24. 

Case  23:  Assume  that  cf  =  4,  p  =  1  (mod  6)  and  S  ~  PSU4(4)  ~  PSp4(3),  so 
Aut(PSU4(2))  should  contain  an  element  of  order  gcd(g_h2){q2  +  1)  =  |(?2  +  0-  This 
is  always  at  least  25  if  q  =  1  (mod  6),  but  on  the  other  hand,  the  largest  element 
order  in  Aut(PSU4(2))  is  12. 

Case  24:  Assume  that  d  =  6,  p  =  1  (mod  6)  and  S  ~  PSU4(9),  and  therefore 
Aut(PSU4(9))  should  contain  an  element  of  order  8cd(g1_1)2)(g3  +  1)  =  |(?3  +  !)•  This 
is  always  at  least  172  when  q  =  1  (mod  6),  but  in  fact  the  largest  element  order  in 
Aut(PSU4(9))  is  28. 

Case  25:  Assume  that  d  =  6,  p  >  2  and  S  ~  PSL3(4),  so  Aut(PSL3(4)) 
should  contain  an  element  of  order  8cd(?1_1|2)(g3  + 1)  =  \{<?  +  !)•  The  largest  element 
order  in  Aut(PSL3(4))  is  actually  21,  so  q3  +  1  <  42,  q  =  3  and  (d,q)  =  (6,3). 
Notice  that  even  in  the  (d,  q)  =  (6, 3)  case,  G  cannot  contain  an  element  of  order 
=  =  364  since  that  would  imply  the  existence  of  an  element  of  order 

q-l  2  r  J 

\  ■  364  =  182  in  Aut(PSL3(4)). 

Case  26:  Assume  that  d  =  —  1  for  some  prime  power  s  coprime  to  q  and 
a  prime  number  n  >  3  such  that  r  =  d  +  1  is  a  prime,  and  5"  ~  PSLn(.s).  In  this  case 
d  is  even,  so  G/(G  H  Z)  contains  an  element  of  order  gcd^1_1  2}(q%  +  1)-  Let  s  =  ab 
with  a  a  prime,  so  the  largest  element  order  in  Aut(PSLn(s))  is  less  than  or  equal  to 
(sn  —  1)26.  (Because  the  largest  element  order  in  GL„(s)  is  sn  —  1  and  Aut(PSLn(s)) 
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has  a  subgroup  of  index  2b  isomorphic  to  PGLn(.s).)  Hence 

1  ,  0dq*  +  1)  <  («"  -  1)26  <  («"  -  1)2"  <  (sn  -  l)s  ,  (2.1) 
gcd{q-  1,2) 

and  qt  <  2(sn  -  l)s  =  2(d  +  l)(s  -  l)s  <  2(d  +  l)s2  <  2{d  +  l)d.  This  implies 
2d  <  4(d  +  l)2d?  and  thus  d  <  20.  Taking  into  consideration  that  d  =  -  1  with 
s  a  prime  power  and  n  an  odd  prime,  we  must  have  n  =  3,  d  —  ^5f  —  1  =  s2  +  s,  so 
either  5  =  2  and  d  =  6  or  s  =  3  and  d  =  12. 

Suppose  s  =  3  and  d  =  12.  Then  by  (2.1),  ^^(q6  + 1)  <  (33  -  1)2  =  54, 
a  contradiction,  since  this  is  not  satisfied  by  any  prime  power  q.  Suppose  6  =  2  and 
d  =  6.  Then  S  ~  PSLn(s)  =  PSL3(2)  and  the  largest  element  order  in  Aut(S)  is  8. 
Therefore,  (2.1)  can  be  replaced  by  the  inequality  8cd((?1_1|2)(^  +  1)  <  8  and  there  is 
no  solution  for  this. 

Case  27:  Assume  that  d  =  -  1  for  some  prime  power  s  coprime  to  q  and 
a  prime  number  n  >  3  such  that  r  =  d  +  1  is  a  prime,  and  S  ~  PSU„(.s2).  As  in  the 
previous,  case  d  is  even,  so  G/(GnZ)  contains  an  element  of  order  8cd(„1_1>2)(g2  +  1), 
and  if  s  =  ab  with  a  prime  then  the  largest  order  in  Aut(PSUn(s2))  is  less  than  or 
equal  to  (s2n  -  1)26  (because  Aut(PSU„(s2))  has  a  subgroup  of  index  2b  isomorphic 
to  a  subgroup  of  PGLn(s2).)  Hence 

—L—(q4  +!)<  (s2n  -  1)26  <  (s2"  -  1),  .  (2.2) 
gcd(<7-  1,2) 

Suppose  q  is  odd.  Then  \{qi  +  1)  <  (s2n  -  q*  <  {sn  +  l)2s  =  (d+  l)2{s  +  l)2s  < 
{d+  l)5  and  3t  <  (d+  l)5,  which  implies  d  <  32.  Since  d  =  £g  - 1  >  sn~l  -  sn~2  > 
sn~2,  we  must  have  n  <  5  and  either  (n,  s)  =  (5, 2)  or  n  =  3.  If  n  =  5  and  s  =  2  then 
d  =  10  and  5"  ~  PSU5(4)  and  the  largest  element  order  in  Aut(S)  is  24,  so  (2.2)  can 
be  replaced  by  \(q5  +  1)  <  24,  which  has  no  solution  for  odd  prime  powers.  If  n  =  3 
then  d  =  s2  -  s  =  s{s  -  1)  and  (2.2)  implies  q^  <  2s(s6  -  1)  <  2s7,  <  4s14 

and  therefore  s  <  5.  For  5  =  5,  r  =  d+  l  =  s(s-l)  +  l  =  21isa  contradiction 
since  21  is  not  a  prime  number.  If  s  =  4  then  d  =  12,  S  ~  PSU3(16)  and  the  largest 
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element  order  in  Aut(5')  is  16.  Hence  Aut(S')  cannot  contain  an  element  of  order 
i(qi  +  1)  =  I(96  +  1)  for  any  prime  power  q.  If  s  =  3  then  d  =  6,  S  a  PSU3(9),  and 
the  largest  element  order  in  Aut(S')  is  12.  Hence  Aut(S)  cannot  contain  an  element 
of  order  ^(q$  +  1)  =  |(<?3  +  1)  for  any  odd  prime  power  q.  If  s  =  2  then  d  =  2,  which 
case  is  not  considered  in  this  theorem. 

Now  suppose  that  q  is  even.  Then  G/(G  D  Z)  contains  an  element  of  order 

8cd(,-M)(9-i)'  so  (2-2)  can  be  ^placed  by  ^^—^  <  (s2n  -  and  therefore 
qd-2  <  (sn  +  xys  =  (d+  ^  +  X)25  <  (d  +  ^    xhis  implies  2^-2  <  (rf  +  1)5 

and  d  <  26.  But  since  d  =  -  1  for  some  odd  prime  power  s  and  an  odd 
prime  n,  this  can  only  happen  if  n  =  3  and  5  =  3  or  5.  Again,  if  s  =  5  then 
r  =  d+1  =  s(s-l)  +  l  =  21  is  not  a  prime,  and  if  s  =  3  then  the  largest  element  order 
in  Aut(S)  =  Aut(PSU3(9))  is  12,  which  is  less  than  gcd(,l^1)(g_1)  =  ^Sm-D  for 
any  prime  power  q.  This  concludes  the  discussion  of  Case  27. 

Case  28:  Assume  that  d  =  ^f1  with  s  an  odd  prime  power,  coprime  to  q  and 
n  =  2b  >  2  such  that  r  =  d  +  1  is  a  prime,  and  5  ~  PSp2„(s).  Then  n  Z) 

contains  an  element  of  order  ggypisfap  +  1)j  wniIe  tne  largest  element  order  in 
Aut(PSp2n(-s))  is  less  than  (s2n  -  1)5,  therefore 

qi  <  2(s2n  -  \)s  <  2s2n+l  (2.3) 

and 

2s"  =  22d+1  <  2q2d  <  32s8n+4  <  32s10n  =  32(s")10  . 

This  implies  sn  <  66,  so  n  =  2  and  5  <  7.  If  s  =  7  then  d  =  ^f1  =  24  and 
r  =  d  +  1  =25,  which  is  a  contradiction,  since  25  is  not  a  prime  number.  If  s  =  5 
then  d  —  ^-f1  =  12,  S  ~  PSp4(5)  and  the  largest  element  order  in  Aut(PSp4(5)) 
is  30.  So  gcd(g1_1  2)(96  +  1)  <  30  and  there  is  no  such  prime  power  q.  If  s  —  3  then 
d  =  =  4,  5  ~  PSp4(3)  and  the  largest  element  order  in  Aut(PSp4(3))  is  12.  So 
^ZTa)(q2  +  1)  <  12  if  q  odd  and  ^f^,,,,  =  (q2  +        +  1)  <  12  if  9  is  even. 
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The  only  prime  power  satisfying  this  condition  is  q  =  3,  in  which  case  s  would  not 
be  coprime  to  q,  contradicting  our  assumption. 

Case  29:  Assume  that  d  =  2°,  c  =  2°'  >  4  such  that  r  =  d  +  1  is  a  prime,  q  is 
odd  and  S  ~  PSL2(d).  By  Lemma  2.3.2  the  largest  element  order  in  Aut(PSL2(d)) 
is  d  +  1,  therefore  \(qi  +  I) i '<  d  +  1,  3$  <  qt  <  2{d  +  1).  This  implies  d  <  4,  which 
contradicts  to  our  assumption  that  d  =  2C  with  c  >  4. 

Case  30:Assume  that  d  >  6,  d  +  1  is  a  prime  and  5  ~  PSL2(d  +  1).  Then  the 
largest  element  order  in  Aut(S)  is  d  +  2  (again,  by  Lemma  2.2.3),  hence  \(q*  +  1)  < 
d  +  2.  If  g  >  3  then  this  implies  3^  <  2d  +  4,  contradicting  to  our  assumption  that 
d  >  6.  If  q  =  2  then  G/(Z  ("1 G)  contains  an  element  of  order  2d  -  1,  so  2d  -  1  <  d  +  2, 
which  is  another  contradiction. 

Case  3/:  Assume  that  d  >  3,  2d  +  1  is  a  prime  and  S  ~  PSL2(2d  +  1). 
Again,  by  Lemma  2.3.2  the  largest  element  order  in  Aut(S)  is  2d  +  2.  First  suppose 
that  d  is  odd  or  q  is  even.  Then  G/(Z  D  G)  has  an  element  of  order  gcd(gli7rf)(,-i) 
and  so     ^,  qd~.\, — rf  <  2d  +  2.   If  q  =  2  then  this  condition  implies  d  =  3,  and 

gcd(g-l,d)(?-l)  — 

S  ~  PSL2(7)  ~  PSL3(2)  =  GL3(2)  =  GLd(q)  and  thus  G  =  GL3(2),  contradicting 
with  G  6  54(d,  q).  If  q  >  3  then  we  must  have  3d"2  <  qd~2  <  2d  +  2,  which  implies 
d  <  4.  For  d  =  3,     »  ^"w       <  2  •  3  +  2  =  8  must  hold,  and  the  only  solution  for 

—  '  gcd(7-l,3)((j-l)  — 

this  is  q  =  4,  in  which  case  (d,q)  =  (3,4).  For  d  =  4,  ^j^— ^  <  2  •  4  +  2  =  10 
must  hold,  but  this  has  no  solution  for  q  >  3. 

Now  suppose  d  is  even  and  q  is  odd.  Then  G/(Z  D  C)  has  an  element  of  order 
|(q2  +  1),  so  32  <  02  +  1  <  4d  +  4,  therefore  d  =  4  or  d  =  6  and  in  both  cases  q 
must  be  3.  So  (d,o)  =  (4,3)  or  (d,q)  =  (6,3).  ■ 

Theorem  2.3.4  Suppose  G  <  SLd(q)  is  a  maximal  overgroup  of  a  Singer  cycle  of 
SLd(q),  d  >  3  and  (d,q)  ^  (3,4).  Then  G  is  the  intersection  of  SLd(q)  with  an 
extension  field  type  subgroup  of  GLd(q). 
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Proof:  Let  q  =  p*  with  p  a  prime.  If  p]d  —  1  has  a  primitive  prime  divisor,  then 
G  e  S{d,q).  U(dyq)  ^  (4, 3)  then  by  Theorems  2.3.1  and  2.3.3,  G  £  S3(d,q)uS4{d,q). 
Also,  G  £  Si(d,q),  since  the  orthogonal,  symplectic  or  unitary  subgroups  of  GLd(q) 
do  not  contain  elements  of  order  for  d  >  3.  Hence  G  €  S2(d,q),  which  means 
that  G  must  be  the  intersection  of  SLd{q)  and  an  extension  field  type  subgroup  of 
GLd(q)  that  is  isomorphic  to  GL  <t(qr)  ■  r  for  some  prime  divisor  r  of  d.  Now  suppose 
(d,  q)  =  (4, 3).  Then  the  image  of  G  in  PSL4(3),  G/(GC\Z)  should  contain  an  element 
of  order  =  20-  In  tne  At^as  of  Fmite  Groups  [1],  there  is  a  complete  list  of 

the  conjugacy  classes  of  maximal  subgroups  of  PSL4(3),  from  which  list  only  four 
conjugacy  classes  consist  of  subgroups  with  orders  divisible  by  20.  One  of  them  is 
the  class  of  extension  field  type  subgroups,  there  is  one  class  of  maximal  subgroups 
isomorphic  to  56  and  there  are  two  conjugacy  classes  of  maximal  subgroups  with 
structure  PSp4(3)  :  2.  However,  S6  has  no  elements  of  order  20  and  PSp4(3)  has  no 
elements  of  order  10.  Therefore,  G  must  be  an  extension  field  type  subgroup. 

If  pfd  -  I  does  not  have  a  primitive  prime  divisor,  then  p}d  =  64,  and  since 
the  (d,q)  =  (3,4)  case  is  already  excluded,  we  may  assume  that  p  =  q  =  2  and 
d  =  6.  Then  SLd{q)  =  SL6(2)  =  GL6(2)  and  by  W.  M.  Kantor  [6],  all  the  maximal 
overgroups  of  the  Singer  elements  of  GL6(2)  are  extension  field  type  subgroups.  ■ 

Theorem  2.3.5  Suppose  G  <  Spd(q)  is  a  maximal  overgroup  of  a  Singer  cycle  of 
Spd(q),  d  >  4,  q  =  pf  is  an  odd  prime  power  and  (d,q)  ^  (4,3).  Then  G  is  an 
extension  field  type  subgroup  of  Spd(q),  isomorphic  to  either  GUd(q2).2  or  Spi(qr)-r 
for  some  prime  divisor  r  of  d. 

Proof:  We  may  assume  that  p^d  —  1  has  a  primitive  prime  divisor,  since  p  is  odd 
and  d  >  4.  Therefore,  G  €  S(d,q).  As  in  the  proof  of  the  previous  theorem, 
it  is  easy  to  see  (except  for  the  case  (d,  q)  =  (6,3))  that  G  £  S\(d,q)  U  S3(d,q)  U 
«S4(d,  q).  This  means  that  G  must  be  inside  an  extension  field  type  subgroup  of  GLd(q) 
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■ 

corresponding  to  a  prime  divisor  r  of  d.  Now  suppose  (d,  q)  =  (6, 3).  Then  the  image 
of  G  in  PSp6(3),  G/(G  n  Z)  should  contain  an  element  of  order  |(33  +  1)  =  14.  In 
the  Atlas  of  Finite  Groups  [1],  there  is  a  complete  list  of  the  conjugacy  classes  of 
maximal  subgroups  of  PSpe(3),  from  which  list  only  three  conjugacy  classes  consist 
of  subgroups  with  orders  divisible  by  14.  Two  of  them  are  the  extension  field  type 
subgroups  corresponding  to  the  two  prime  divisors  of  6,  and  there  is  one  conjugacy 
class  of  maximal  subgroups  isomorphic  to  PSL2(13).  However,  PSL/2(13)  does  not 
have  elements  of  order  14,  therefore  G  must  be  an  extension  field  type  subgroup  of 
Sp6(3).  ■ 

Theorem  2.3.6  Let  G  be  a  maximal  subgroup  of  SL2(q)  =  Sp2(q)  containing  an 
element  of  order  q  +  1  (q  =  p* ,  p  a  prime  number),  and  assume  that  q  £  {2, 5, 7, 9}. 
Then  G  is  an  extension  field  type  subgroup  in  5X2(9). 

Proof:  If  q  =  3  then  the  singer  elements  of  SL2(q)  =  SL2(3)  are  of  order  4  and  their 
only  maximal  overgroup  is  the  unique  Sylow  2-subgroup  of  SL2(3),  which  is  actually 
an  extension  field  type  subgroup  of  SL2(3)  =  Sp2(3). 

From  now  we  assume  that  q  >  4.  Let  Z  denote  the  center  of  GL^g).  Since  G 
contains  an  element  of  order  q+l,  the  image  of  G  in  PSL2(g),  G/(Gf\Z)  must  contain 
an  element  of  order  wj^^g+l).  It  is  known  that  G/(GC\Z)  as  a  maximal  subgroup 
of  PSL2(<?),  has  to  be  isomorphic  to  either  a  dihedral  group  of  order  8Cj^^2) >  or 
S4,  A5,  PSL2(pe)  or  PGL2(pe)  for  some  divisor  e  of  /  with  e  <  f.  (Further  details 
about  the  classification  of  maximal  subgroups  of  PSL^q)  can  be  found  for  example 
in  the  first  volume  of  M.  Suzuki's  well-known  book  on  Group  Theory  [13].)  From 
Lemma  2.3.2  we  know  that  the  largest  element  order  in  PSL2(pe)  is  pe  +  1,  which  is 
always  less  then  gcd^+1 2j(g+l).  Hence  G/(GC\Z)  cannot  be  isomorphic  to  PSL2(pe) 
or  PGL2(pe). 

Next  assume  that  G/(G  f)  Z)  ~  A5.  Then  q(q2  —  1)  =  0  (mod  5),  otherwise 
PSL2(<?)  would  not  contain  a  subgroup  isomorphic  to  A$.    And  since  the  largest 
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element  order  in  A5  is  5,  we  must  have  scd^+l  2)(<7  +  1)  <  5.  This  implies  q  =  4,  5  or 
9,  but  for  q  £  {4,5},  PSL2(<?)  ^  A5,  so  G  would  not  be  a  proper  subgroup  of  SL2(g). 
For  q  =  9,  PSL2(g)  ^  A6  does  have  a  maximal  subgroup  isomorphic  to  A5. 

Now  assume  that  G/(G  D  Z)  ~        Then  g2  =  1  (mod  16)  is  a  necessary 
condition  for  q,  and  the  largest  element  order  in  S4  is  4,  so  we  must  have  scd^+12) 
1)  <  4.  This  implies  q  =  7.  If  G/(G  flZ)~  A4,  then  gcd(g1+1[2)  (g  +  1)  <  3  and  g  =  5. 

Finally,  G/(G  PI  Z)  cannot  be  isomorphic  to  the  dihedral  group  of  order 
so  if  q  $  {2, 5,  7, 9}  then  G/(Gf)Z)  is  isomorphic  to  the  dihedral  group  of  or- 
der   ffi+1,L,  in  which  case  G  is  an  extension  field  type  subgroup  in  SL2(<?)  =  SP2(<?). 

■ 

Remarks:  In  SL2(5),  there  are  two  conjugacy  classes  of  maximal  subgroups 
containing  Singer  elements,  that  is,  elements  of  order  6.  One  class  has  subgroups 
of  index  5,  isomorphic  to  SL2(3)  and  the  other  class  has  subgroups  of  index  10, 
isomorphic  to  the  group  defined  by  the  presentation  (x,y\x6  =  l,x3  =  y2,y~1xy  = 

In  SL2(7),  every  maximal  subgroup  containing  an  element  of  order  8  is  a 
central  extension  of  S4  by  Z2,  and  there  are  two  conjugacy  classes  of  them. 

In  SL2(9),  every  maximal  subgroup  containing  an  element  of  order  10  is  iso- 
morphic to  SL2(5),  and  there  are  two  conjugacy  classes  of  these  subgroups. 

In  SL3(4),  there  are  three  conjugacy  classes  of  maximal  subgroups  containing 
elements  of  order  21.  These  are  all  conjugate  in  GL3(4)  and  they  have  a  structure  of 
SL3(2).3. 

In  Sp4(3),  beside  the  extension  field  type  subgroups  (isomorphic  to  Z2  K 
Sp2(9)),  there  is  another  conjugacy  class  of  maximal  subgroups  that  contain  ele- 
ments of  order  32  +  1  =  10.  This  conjugacy  class  consists  of  subgroups  of  index  27, 
with  their  image  in  PSp4(3)  isomorphic  to  SL2(4)  tx  (F4  ©  F4). 


CHAPTER  3 
CENTRALIZER  ORDERS 

3.1    Elements  of  Order  p  with  Homogeneous  Action  in  GL  Groups 

In  this  section  V  is  a  vector  space  of  dimension  d  over  Fg  (q  =  pf)  and  g  is  an 
element  of  GL(V)  with  gv  —  1,  acting  homogeneously  on  V.  By  homogeneous  action 
we  mean  that  V  decomposes  into  a  direct  sum  of  isomorphic  indecomposable  F,(p)- 
modules,  say  V  —  Vi  ©  V2  © . . .  ©  H  where  each  V;  is  an  indecomposable  F9(#)-module 
of  dimension  a.  Then  of  course,  a  <  p  and  ab  =  d. 

Since  gp  =  1,  x  —  g  —  lisa  nilpotent  endomorphism  of  V  with  xp  =  0.  And 
because  V  consists  of  only  F9(g)-modules  of  dimension  a,  it  is  also  true  that  i"  =  0. 
Let  W  be  the  kernel  of  x,  so  W  is  a  6-dimensional  subspace  of  V  that  is  determined 
by  g. 

Definition  3.1.1  Let  {v1,v2, ...  ,vb}  be  a  subset  ofV  such  that  /3  =  {viXk  \  1  <  i  < 
b,0  <  k  <  a  —  1}  is  a  basis  for  V.  Then  we  say  that  (3  together  with  the  ordering  of 
the  set  {vi,v2, ...         is  a  standard  basis  for  (V,g). 

Lemma  3.1.2  The  number  of  standard  bases  for  (V,g)  is 

q^b2-\GL(W)\  =  q^.fl(l-^). 

k=i  q 

Proof:  Notice  that  if  {v{Xk  1 1  <  i  <  b,  0  <  k  <  a  —  1}  is  a  standard  basis  for  (V,g) 
then  the  set  1 1  <  i  <  b}  must  be  a  basis  for  W.  Now  let  (3  =  {wx,  w2, . . .  ,  w^} 

be  any  ordered  basis  for  W.  Then  for  each  integer  1  <  i  <  b  there  are  exactly  q(a~1)b 
vectors  i>,  with  the  property  that  ViXa~l  =  iu,.  And  if  {i>i,  v2, . . .  vy}  is  any  ordered  set 
such  that  V{Xa~l  =  to,  for  all  i  then  /3  =  {viXk  |1  <  i  <  b,  0  <  k  <  a  —  l}isa  standard 
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basis  for  (V,g).  This  shows  that  for  any  given  ordered  basis  j3  —  {wi,w2, . . .  ,  tuj}  for 
W  the  number  of  standard  bases  (3  =  {u,x*  1 1  <  i ;  <  6, 0  <  k  <  a  —  1}  for  (V,g)  with 
v,xa~l  =  wt  (1  <  i  <  b)  is  equal  to  g^-1^2.  And  since  the  number  of  ordered  bases 
for  W  is  the  same  as  the  order  of  GL(W),  the  number  of  standard  bases  for  (V,g)  is 

?(a-l)62  .  |GL(ttO|.  ■ 

Theorem  3.1.3 

\CGuv)(g)\  =  <iab2-l[(l-±). 

k=i  H 

Proof:  It  is  enough  to  show  that  Cgl(V)(#)  acts  transitively  on  the  set  of  standard 
bases  for  (V,g).  So  let  ft  =  {v{xk  \l  <  i  <  6,0  <  k  <  a  ^  1}  and  fa  =  {uixk  \  1  < 
i  <  6,0  <  k  <  a  -  1}  be  standard  bases  for  {V,g).  Define  the  linear  transformation 
z  e  GL(V)  as  follows: 

z:V  — ►  V 

ViXk  u.xk    (1  <»<6,0< /fe<a-l). 

Then  clearly  f$\Z  =      and  z  €  Cqlck)^)-  ■ 

3.2    Elements  of  Order  p  with  Homogeneous  Action  in  Sp  Groups 

In  this  section,  V  is  a  vector  space  of  dimension  d  over  F,  (q  =  an  odd 
prime  power)  equipped  with  a  non-singular  symplectic  form  B,  I(V,  B)  is  the  isometry 
group  of  {B,V),  and  g  is  an  element  of  I(V,  B)  with  gp  -  1,  acting  homogeneously 
on  V.  By  the  homogeneous  action  of  g  we  mean  that  V  decomposes  into  a  direct 
sum  of  isomorphic  indecomposable  F,(gf)-modules,  say  V  =  Vi  ©  V2  ©  . . .  ©  H  where 
each  Vi  is  an  indecomposable  F9(<7)-module  of  dimension  a.  Then  of  course,  a  <  p 
and  a6  =  d.  Also,  let  £  be  a  fixed  quadratic  non-residue  in  F9. 

As  before,  r  is  the  anti-isomorphism  of  EndF,(V)  with  the  property  that 

B(u<j),v)  =  B(u,vr(<j>)) 
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for  all  u,  v  in  V  and  <j>  in  EndF,(V).  Since  gp  =  1,  x  =  g  —  1  is  a  nilpotent  endomor- 
phism  of  V  with  xp  =  0.  And  because  V  consists  of  only  Fg  (<7)-modules  of  dimension 
a,  it  is  also  true  that  xa  =  0.  Let  W  be  the  kernel  of  x,  which  is  also  the  image  of  V 
under  xa_1,  so  W  is  a  6-dimensional  subspace  of  V  that  is  determined  by  g. 

Notice  that  1  =  gr(g)  =  (1  +  x)(l  +  r(x))  =  1  +  x  +  r(x)  +  xr(x),  hence 

x  +  t(x)  +  xt(x)  =  0  , 
t(x)   =   -x(l  +  x)_1 

In  the  following  two  lemmas  we  will  prove  two  elementary  properties  of  x, 
which  properties  are  also  true  if  B  is  a  non-singular  symmetric  or  unitary  form 
instead  of  being  a  symplectic  form. 

Lemma  3.2.1  If  k  +  I  >  a  then  B{uxk,vx')  =  0  for  any  u,v  €  V .  Ifk  +  l  =  a-l 
then  B(uxk,vx')  =  (-l)kB(u,  vx"'1)  for  any  u,v  €  V.  In  particular  B{uxa~\v)  = 
(-l)a-1B(u,vxa-1)  for  all  u,v  €  V. 

Proof:  B(uxk,vxl)  =  B(u,  vxlT(x)k)  for  any  u,v  €  V  and 

xlT(x)k   =   xl(-x  -  xr(x))k 

=   (-l)kx'+k(l  +  r(x))k  . 

So  if  k  +  /  >  a  then  xk+l  =  0  and  hence  xlr(x)k  =  0,  and  if  k  +  I  =  a  -  1  then 
x'r(x)fc  =  (-l)**-1^  +  r{x))k  =  (-l^-Hl  -  *  -  xr(x))k  =  ■ 

Lemma  3.2.2  For  any  non-negative  integer  I  there  is  a  polynomial  hi(t)  of  degree 
21  +  1  with  integer  coefficients  such  that  for  any  u,v  €  V 

B(u,vx2')  =  {-l)'B(ux',vxl)  +  B(u,vht(x))  . 
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Proof:  Since  x  +  t(x)  +  xt(x)  =  0,  x  =  — r(x)(l  +  x)  and 

x21   =   x'(-t(x)(1  +  x))' 
=    (-1)1x1t(x)1(1  +  x)1 

=   (-iyx'r(x)1  +  (-l)'xlr(x)'(j2(%t) 

t'=i  ^  ' 

where  h,(t)  =  (-iyV(E(-lW(Z:  (!)<*)  =  ^(EVi^WE  ©«*)  ■  Hence  for 

i=i  t=i  t=i  t=i 

any  u, v  G  V 

^ux2')   =   B{u,v[(-1)'x't(x)1  +  h,{x)}) 

=   (-l)'B(ux',vxl)  +  B(u,vht(x))  .  m 

In  this  section,  we  will  show  that  g  defines  a  non-singular  bilinear  form  B  in 
a  natural  way  on  W,  which  is  either  symmetric  or  symplectic.  Then  we  will  show 
that  this  bilinear  form  characterizes  the  conjugacy  class  of  g  in  I(V,B),  and  finally 
we  will  give  a  formula  for  the  order  of  the  centralizer  of  g  in  I(V,  B). 

Definition  3.2.3  Define  B  as  follows: 

B  :W  xW  ->  F, 
B{uxa-1,vxa~1)  =  B(u,vxa~l) 

Lemma  3.2.4  B  is  a  well-defined  non-singular  bilinear  form  on  W .  Furthermore, 
if  a  is  even  then  B  is  symmetric,  and  if  a  is  odd  then  B  is  symplectic. 
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Proof:  If  uixa_1  =  uxa~l  and  Vixa~l  =  vxa~l  then 

B{uuvxxa~l)   =   B(u  +  (ui-u),vxa-1) 

=   B{u,  vxa~l)  +  B(ui  -  u,  vxa~l) 

=   B(u,  vxa~l)  +  (-l)—xB{(vi  -  u)xa~\ v) 

=   Bi^vx^  +  i-iy-'B^v) 

=  B(a,»ar*-1) . 

This  shows  that  B  is  well-defined.  To  prove  the  other  statement  of  the  lemma: 

B{uxa-\vxa-1)   =  B(u,vxa-1) 

=  -B(vxa-\u) 

=  -(-l)a-1B(v,uxa-1) 

=  (-l)aB(vxa-\uxa-x)  . 

Hence  B  is  symmetric  if  a  is  even,  and  symplectic  if  a  is  odd.  Finally,  the  non- 
singularity  of  B  follows  obviously  from  the  non-singularity  of  B.  ■ 

Lemma  3.2.5  If<p  €  /(V,  B)  commutes  with  g  then  for  any  u,v  €  W ,  B(wp,v<p)  = 
B(u,v)  . 

Proof:  Notice  that  the  fact  that  tp  is  a  non-singular  transformation  that  commutes 
with  g,  already  implies  that  W(p  =  W.  And  if  it  =  uixa_1,  v  =  Vixa~l  then  wp  = 
u\y>xa~x  and 

B(utp,v<p)  =  B(uxy,vixa~l<4>)  =  B(ui,vixa~l)  —  B(u,v)  .  ■ 

Definition  3.2.6  Let  /3  =  {wi,  W2,  ■  ■  ■  ,  Wb)  be  an  ordered  basis  for  W .  We  say  that 
(3  is  a  standard  basis  for  (W,  B)  if  one  of  the  following  holds: 
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1.  B  is  symmetric  and 

B(vi,Vj)  =  < 

2.  B  is  symplectic  and 


0,  if  i  ^  j  ; 

1,  ifi  =  j<b-l; 
1  or  S,    if  i  =  j  —  b  . 


{0,       ifi  +  j^b+1; 
1>      if  i  >  j  and  i  +  j  =  b  +  1  ; 
—  1,    if  i  <  j  and  i  +  j  =  b  +  1  . 

Definition  3.2.7  Let  {vi,v2,..  -  ,Vb}  be  an  ordered  subset  ofV  such  that 

(3={  Vixk  \l<i<b,0<k<a-l} 

is  a  basis  for  V.  We  say  that  (3  together  with  the  ordering  of  {vu  v2,  ■  ■  ■  ,vb}  is  a 
standard  basis  for(V,B,g)  if 

1.  {u,£°-1  1 1  <  t  <  6}  M  a  standard  basis  for  (W,  B) 

2.  B(vi,VjXk)  =  0  whenever  k  <  a  -  1  and  either  i  <  j  or  i  =  j  and  k  is  odd. 

We  will  prove  the  existence  of  a  standard  basis  for  (V,  but  in  order  to 

do  that  first  we  need  to  prove  some  technical  lemmas. 

Lemma  3.2.8  Suppose  that  a  is  even,  so  B  is  symmetric  on  W  and  let  w  €  W  be 
any  nonzero  vector.  Define  Sw  to  be  the  set  of  all  vectors  v  €  V  such  that  vxa~l  —  w 
and  B(v,vxk)  =  0  for  every  odd  number  k  between  0  and  a  —  2.  Then 

\SW\  =  q^O-^1  . 

Proof:  If  a  =  2  then  q(a-1)i>-2+1  =  g6,  and  Sw  is  simply  the  set  {v  G  V\vx  =  w}  so 
15^1  =  |  ker(x)|  =  qb  also.  Hence  from  now  on,  we  may  assume  that  a  >  4.  Let 

Wi  =  {v  €  V  |  vxa~l  =  w} 
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and  define  the  maps  ipi  (1  <  t  <  *  —  1)  and  sets  Wi  (2  <  i  <  I)  as  follows.  For  any 
1<  t  <  a  _  i  let 

—      —  I 


v  .— >•    B{v,  vxa-2i~l) 
Wi+l     =     {«€  W-f?,(v)  =  0}. 

Since  5u,  =        and         =  it  will  be  enough  to  show  that  \Wi\  = 

for  all  2  <  »  <  f  . 

First  let  i>  be  any  vector  in  Wi.  Then  for  any  v'  e  V,  v  +  v'x2  is  also  in  Wi 

and 

^(v  +  v'x2)   =   B(v  +  v'x2,(v  +  v'x2)xa-3) 

=   B(v,  vxa-3)  +  B{v,  v'x0'1)  +  B(v'x2,  vxa~3) 
=   B(v,  vxa~3)  +  B{v,  v'x*-1)  +  B(v',  vx*-1) 
=   B(v,vxa-3)  +  2B(v,v'xa-1) 
=   <p1(v)  +  2B(vxa-1,v'xa-1) 
=   <pi(v)  +  2B(w,v'xa-1)  . 

Notice  that  the  map 

Vx2  — ►  F9 
v'x2     >  25(w;,  v'x—1) 
is  a  well-defined  non-trivial  linear  map,  so 

\W2D{v  +  Vx2}\  =  -\{v  +  Vx2}\. 
9 

This  is  true  for  any  v  £  Wi,  therefore 

|Wa|a'i|m  +  V«*|«i|Wi|. 

9  9 
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Now  assume  that  2  <  /  <  |  —  1  and  =  ^|IV,_i|  for  all  i  <  I.  In  particular, 
this  means  that  W\  is  a  non-empty  set.  We  want  to  show  that  |  Wj+i  |  =  ^  |  Vl^/  j .  In  order 
to  do  this,  first  choose  an  element  v  from  W\.  Then  for  any  v'  €  V,  v  +  v'x21  is  also  en 
element  of  Wi,  because  v  +  v'x21  G  W\  and  for  any  0  <  »  <  /  —  1,  a — 2t +2/  —  1  >  a  + 1 
and  hence 

tpi(v  +  v'x31)   =   B{v  +  v'x2',{v  +  v'x2l)xa-2i-1) 
=  B(v,vxa-2i~l) 
=  <Pi(v)  =  0  . 

Furthermore, 

<p,(v  +  v'x21)    =  B{v  +  v'x2l,(v  +  v'x2l)xa-21-1) 

=  B(v,  vx"-21'1)  +  B(v,  v'x'1-1)  +  B(v'x2t,  vx"-21'1) 

=  B(v,  vxa~21-1)  +  B(v,  v'x-1)  +  B{v',  vx11-1) 

=  <pl(v)  +  2B(vxa-\v'xa-1) 

=  w(v)  +  2B(w,v'xa-1)  . 


Again,  the  map 


Vx21  — >  F, 


v'x2'  ^2B(w,v'xa-1) 
is  a  well-defined  non-trivial  linear  map,  so 

\wl+1n{v  +  Vx2l}\  =  -\{v  +  Vx2l}\ 

This  is  true  for  any  v  €  Wi,  therefore 

\Wl+l\  =  -\Wl  +  Vx2,\  =  -\W,\. 
This  completes  the  proof  of  this  lemma.  ■ 
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Lemma  3.2.9  Suppose  that  a  is  an  odd  number,  so  B  is  a  symplectic  form  on  W 
and  let  (wi,w2)  €  W  x  W  be  a  pair  of  linearly  independent  vectors.  Define  SWljW3 
to  be  the  set  of  all  pairs  (vi,v2)  €  V  x  V  such  that  Vixa~l  =  w\,  v2xa~1  =  w2, 
B(vi,v2xk)  =  0  for  all  0  <  k  <  a  —  2  and  B{vx,vixk)  =  B(v2,v2xk)  =  0  for  any  odd 
number  k  between  0  and  a  —  1.  Then 

\c         I  _  2(o-l)(fc-l) 

Proof:  If  a  =  1  then  SWuW2  =  {(w\,w2)}  and  there  is  nothing  really  to  prove.  So 
from  now  on,  we  may  assume  that  a  >  3.  Let 

Wt  =  {(vuv2)  €  V  xV\{Vlxa-\v2xa-1)  =  (wuw2)}  , 

and  define  the  maps  ipi  for  1  <  t  <  a  —  1  and  sets  W, ;  for  2  <  i  <  a  as  follows.  For 
any  1  <  i  <  *=*  let 

(vuv2)  — >  (5(t;1,t;1xa-2*'),JB(t;1,t;2x0-2«),JBKt;2xa-2')) 
W2,  =  {(vi,«a)  €  W^i-l|y>2,_i(t;i,t>a)  =  (0,0,0)} 

<^2«  :  W2,-  — ►  F, 
(vuv2)    h-4  SK^x"-2*'-1) 

H^.+i  =  {(vi,va)  €  W2t- 1  v>2t(»i,U2)  =  0}  . 
Since  SWliW2  =  Wa  and  | M^i |  =  q2(a~1)b,  it  will  be  enough  to  show  that  |W2,|  = 
£|Hfc,t|  and  mVnl  =  ilWjhl  for  all  1  <  t  <  s=i  . 

First  let  (vi,v2)  be  any  pair  in  W\.  Then  for  any  (v[,v2)  in  V  x  V, 
(ui  +  v[x,  v2  +  v'2x)  is  also  an  element  of  W\  and 

<Pi(v1  +  v[x,v2  +  v'2x)   =  +  v'1x,(v1  +  v[x)xa~2), 

B(vi  +  v[x,  (v2  +  v'2x)xa-2), 
B(v2  +  v'2x,  (v2  +  v2x)xa~2) ) 


—      (  J^lUt    71,  7*a 

~2)  +  B(v,  v',xa 

~l)  +  B(v',x  t>ix 

»-2x 

/' 

f}( i;,  VnTa~ 

"2>l  +  l>oX°~ 

M  +  #(u(x  1>9X° 

"2) 

X-/  1  1/  ^  ?  vj* 

~2)  +  B(vo  v'*xa~ 

)   i           2'  2 

M  +  Z?(UoX  U9X° 

1      1             1  I/O**/  ^  VJJ* 

_2)) 

/  / 

—       1    /?f 7?i     7>i  Tfl 

"2>l  +  B(vi  v',xa 

/            V    1'  ^1 

"M 

/"?(  ?Ji  ?)nT^" 

/          V   1'  2X 

"21  4-  5Cuo  i^xa~ 

!1  -  5ffo  uox°_ 

=  (5(ui,vix° 

2)  +  2B{vixa  1 

5(ui,u2xa~ 

■2)  +  2B(v1xa-\ 

i^x'"1), 

B{v2,v2xa~ 

-2)  +  2B(v2xa-\ 

) 

=  ^1(^1^2)  + 

+2(  B{wu  v[xa~l),  B(wu  v2xa~l),  B(w2,  v'2xa-1) )  . 


Notice  that  the  map 

Vx®Vx  — y  F,3 
(v[x,v'2x)  1 — > 

is  a  well-defined  linear  map,  and  it  is  onto,  hence  it  follows  that 

\W2  n  {(vuv2)  +  (Vx,  Vx)}\  =  v2)  +  (Vx,  Vx)}\  . 

T 

This  is  true  for  any  (vi,v2)  in  Wi,  therefore 

\W2\  =  \\{W1  +  (Vx,Vx)}\  =  \\Wl\. 
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Next,  let  (vi,v2)  €  W2.  Then  for  any  v[  in  V,  (t>i  +  v[x2,v2)  is  also  in  W2 
since  it  is  in  W\  and 

+  v[x2,  v2)   =    (  B(v!  +  v[x2,  (vi  +  v[x2)xa~2), 

B(v,  +  ^*2,  u2a:a-2),  fi(w3,  r2/-2) ) 
=   ( B{vu  Vlxa~%  B(vu  v2xa'2),  B{v2,  v2xa~2) ) 
=   fi(v\,v2)  =  0  . 

Furthermore, 

<P2(vi  +  v[x2,v2)   =    B(vt  +  v[x2,v2xa~3) 

=   f2(vuv2)  +  B(v[xa-\v2xa-1) 
=   <P2(vuv2)  +  B(v[xa-\  w2)  . 


Again,  the  map 


Vx2  — >  F, 


is  a  well-defined  non-trivial  linear  map,  so  it  follows  that 

\W3  fl  {(»!  +  Vx2,  v2)}\  =  -\{(Vl  +  Vx2, . 

This  is  true  for  any  (vi,v2)  G  W2,  therefore 

\W3\  =  -\W2\. 
9 

Now  assume  that  2  <  /  <  2=*  and  \W2i\  =  ^|W2i-i|  and  |W«+i|  =  J|Hfc|  for 
all  1  <  t  <  /.  In  particular,  this  means  that  H^2/_i  is  a  non-empty  set.  We  want  to 
show  that  \W2i\  =  ^W^-il  and  | 1  =  ^1^2/1-  In  order  to  do  this,  first  choose  a 


pair  (t>i,  v2)  from  W2i-i.  Than  for  any  (v[,  v2)  €  V  x  V,  (vi  +  v[x21  1,v2  +  v'2x21 
also  in  W2/-1  since  it  is  in  W\  and  for  any  1  <  j  <  21  it  is  true  that 

B{vi  +  v[x2l-\  (v2  +  v'2x2l-l)xa-i)  =  B(vu  v2xa~j) , 
B{v2  +  v'2x2l-\(v2  +  v'2x2l-1)xa-j)   =  B(v2,v2xa-j). 

Furthermore, 

^-l{vi  +  v[x2l-\v2  +  v'2x21-1)    =    (  B(vt  +  v[x2l~\ (Vl  +  ^ar^-^x0-2'), 

5(Ul  +  z;/1x2/-1,(l;2  +  t;2x2,-1)xa-2'), 

B(*;2  +  t,2x2,-\(t,2  +  U2x2,-V_2')) 


=  (B(vuVlxa 

-*)  +  B{vuv'xxa 

-1)  +  fl^x2'-1 

,UlX° 

-% 

B(vi,v2xa~ 

■2l)  +  B{vuv'2xa- 

-l)  +  B(v[x2'-\ 

u2xa- 

■2i), 

B(v2,  v2xa~ 

■2l)  +  B(v2,v'2xa- 

-1)  +  B(v'2x2>-\ 

a- 

U2X 

■2')) 

=  (B(vuVlxa 

-*)+B(vly1x* 

-1)  -  B(v[,vlx° 

B(vl,v2xa~ 

-2,)  +  B(vuv2xa- 

_1)  -  B(v[,v2xa 

B(v2,v2xa~ 

-2l)  +  B(v2,v'2xa- 

-1)  -  B(v'2,v2xa 

-1)) 

=  (B(vi,vixa 

~2)  +  2B(v1xa~1 

A*-1), 

B(vi,v2xa~ 

■2)  +  2B(vlxa-\ 

v'2xa-% 

B(v2,  v2xa~ 

■2)  +  2B(v2xa-i, 

v'2x^)) 

+2(  B(wuv[xa-1),'B(w1 ,  v'2xa-1 ),  B(w3,  v'2xa~l) )  . 


Notice  that  the  map 

Vx2'"1  ©  W'-1  — *  F,3 

Kx2'-1,^2'"1)   1— ►  2(B(w1,v[xa-x),B(w1,v2xa-1),B(w2,v'2xa-1)) 
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is  a  well-defined  linear  map,  and  it  is  onto,  hence  it  follows  that 


\w2l  n  {(vuv2)  +  (Vx2l-\  Vx2'"1)}!  =  i|{(vi,t;»)  +  (Vx2l~\  Vx2'"1)}! 


This  is  true  for  any  (vi,v2)  in  W21-1,  therefore 

\W2l\  =  +  (Vx,  Vx)}|  =  ^IWaf-tl  • 


Next,  let  (vi,v2)  G  W2/-  Then  for  any  v[  in  V,  (vi  +  v\x2l,v2)  is  also  in  W2i 
since  it  is  in  W\  and  for  any  1  <  j  <  2/  it  is  true  that 

B(v,  +  ^x2',  +  ^x2')xa_j)  =  B(vu  v^-1) , 
5(«1  +  t;/1x2',(t;2  +  t;2x2,)xa"j)  =  B(vuv2xa^), 
B(v2  +  v'2x21,  {v2  +  v'2x2')xa->)    =   B(v2,  v2xa-j) . 


Furthermore, 


V>2i{vi  +  v[x2l,v2)   =  B^  +  v'tX21^^"-2'-1) 

=  B{vuv2xa-2l~l)  +  B{v[x2\v2xa-21-1) 

=  B(Vl,v2xa-21-1)  +  B{v[,v2xa-1) 

=  <pv(vi,V2)  +  B(v[xa~\v2xa~1) 

=  V2/(ui, v2)  +  B(v[xa~\w2)  . 


Again,  the  map 


Vx2'  — ►  F, 


^x2'  B{v[xa-\w2) 
is  a  well-defined  non-trivial  linear  map,  so  it  follows  that 

\w2l+1  n  {(»!  +  Vx2l,v2)}\  =  -\i(Vi  +  Vx2l,v2)}\ 

9 
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This  is  true  for  any  (vi,v2)  G  W2i,  therefore 

\W2l+l\  = -\W2I\  . 

q 

This  completes  the  proof  of  the  lemma.  ■ 

Lemma  3.2.10  Suppose  that  a  is  even.    Then  the  number  of  standard  bases  for 

(V,B,g)  is 

.|/(WfB)|. 

Proof:  We  will  show  that  if  (3  =  {wi,w2,...  ,wb}  is  any  given  standard  basis  for 
(W,  5),  then  the  number  of  standard  bases  (3  for  (V,  B,g)  with  /?  I~l  W  =  (3  is  equal 
to  q("  Y  +6.  And  since  the  number  of  standard  bases  for  (W,  B)  is  the  same  as  the 
order  of  the  isometry  group  of  (W,  B),  this  will  already  imply  the  statement  of  the 
lemma. 

So  choose  a  standard  basis  {wx,  w2, . . .  ,  wb}  for  (W,  B)  and  choose  a  vector  vx 
from  Sm.  If  b  =  1  then  (3  =  {vlxk  |0  <  k  <  a  -  1}  is  a  standard  basis  for  (V,B,g) 
and  the  number  of  choices  for  i?i  is  \SWi  |  =  q* ,  so  the  lemma  is  true. 

From  now  on,  we  may  assume  that  b  >  1.  Notice  that  B  is  non-singular  on 
VJ  =  (t>i,Viar,»iX2,...  ,uixa_1  =  wi).  For  if  u  =  ^-'J  A.uiz*  and  j  is  the  smallest 
number  between  0  and  a  —  1  such  that  Xj  ^  0  then 

a-l 

B(v,ViXB"i-1)   =  B{J2^vixi,v1xa-:>-1) 

i=j 

=  5(Aiu1xJ,t;1xa--'-1) 

=  (-lyA^^i.nx-1) 

Now,  since  B  is  non-singular  on  V\,  it  must  be  also  non-singular  on  Vjx,  the  perpen- 
dicular space  of  V\.  Hence  by  an  induction  hypothesis  on  6,  we  may  assume  that  this 
lemma  is  true  for  Vjx.  That  is,  the  number  of  standard  bases  (3\  for  (V/-,  B,g)  with 
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Pi     (K1  ^       =  {^2,  •  •  •  >  ^fc}  is  equal  to  "2 '  +     .  Since  any  standard  basis 

of  (V^-,B,g)  together  with  the  set  {vixk  \  0  <  k  <  a  —  1}  forms  a  standard  basis  for 
(V,B,g)  and  since  there  are  \Sm  \  =  g(a_1)f>-f+1  possible  choices  for  vi,  this  implies 
that  the  number  of  standard  bases  /3  for  (V,  B,g)  with  (3(~)W  =  ft  is  equal  to 

(„-l)(6-l)2  +  6-l         fa_,U_a  +  1  (a-l)(fc-l)2  +  6-l+2(a-l)&-Q  +  2 

q         2  •  qy     >    2T     =   q  2 

(a-l)fe2  +  6 

=  q  2 

as  we  wanted.  ■ 

Lemma  3.2.11  Suppose  that  a  is  odd.  Then  the  number  of  standard  bases  for 
(V,B,g)  is 

q^.\I(W,B)\- 

Proof:  As  in  the  previous  lemma,  we  will  show  that  if  (3  =  {wi,w2, . . .  ,wb}  is  any 
given  standard  basis  for  {W,~B),  then  the  number  of  standard  bases  (3  for  (V,B,g) 
with  (3  n  W  =  ~{3  is  equal  to  q{"~2)b  .  Since  the  number  of  standard  bases  for  (W,  B) 
is  the  same  as  the  order  of  the  isometry  group  of  (W,B),  this  will  already  imply  the 
statement  of  the  lemma. 

So  choose  a  standard  basis  {wi,w2,.. .  ,wb}  for  (W,B)  and  choose  a  pair  of 
vectors  (vuvb)  from  SWuW„.  If  b  =  2  then  (3  =  {vlXk  |0<fc<a-l}U  {vbxk  |  0  < 
k  <  a  -  1}  is  a  standard  basis  for  (V,  B,g)  and  the  number  of  choices  for  (vi,vb)  is 
|<Su,lit(,6|  =  q2^'1),  so  the  lemma  is  true. 

From  now  on,  we  may  assume  that  b  >  4.  Notice  that  B  is  non-singular  on 
Vi  =  fax*,  vbx{  1 0  <  i  <  a  -  1).  For  if  v  =  X^x*  +         We1  and  j  is  the 

smallest  integer  between  0  and  a  —  1  such  that  Xj  ^  0  and  /  is  the  smallest  integer 
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between  0  and  a  —  1  such  that  ///  ^  0  and  j  >  I  then 

B{Vlxa-l-\v)   =   jB(«iia-'-1,A,i;ia:')  +  5(via:a-'-1,/i/t;6x') 

=  (-l^-^B^.m*-1)  +  (-i)a-'-V*B(fi,  ^a_1) 
=  (-i^-'-^I^W)  +  (-i)a-'-V/£(wi,^) 
=  (-i)-'-Vi  ^  o . 

In  case  if  j  <  I, 

B(v,vbxa-3-1)    =  BiX^x^Vbx'-i-1) 
=  (-iy\jB(v1,vbxa-1) 
=  (-iy  XjB(wuWb) 
=  (-1)JA^0. 

Now,  since  B  is  non-singular  on  Vi,  it  must  be  also  non-singular  on  Vf1,  the  perpen- 
dicular space  of  V\.  Hence  by  an  induction  hypothesis  on  b,  we  may  assume  that  this 
lemma  is  true  for  Vj-.  That  is,  the  number  of  standard  bases  Pi  for  (Vf,  B,g)  with 
Pi  H  (Vj1  n  W)  =  {w2,...  ,wb-i}  is  equal  to  q"  .  Since  any  standard  basis 

of  (Vf,  B,g)  together  with  the  set  {vxxk  |0<fc<a-l}U  {vbxk  |  0  <  k  <  a  -  1} 
forms  a  standard  basis  for  (V,  B,g)  and  since  there  are  \Sm,Wb\  =  q2(a-lW-1)  possible 
choices  for  (vi,t>&),  this  shows  that  the  number  of  standard  bases  P  for  (V,  B,g)  with 
/?  PI  W  =  P  is  equal  to 

(-'H*-')2  .  q2(a-l)(b-l)     _  ^(0-l)(0-2)2+4(0-l)(6-l) 


as  we  wanted.  ■ 

Next  we  show  that  the  matrix  of  B  under  any  standard  basis  depends  only  on 
the  bilinear  form  B  defined  on  W .  In  other  words: 
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Lemma  3.2.12  Suppose  Vi,V2  are  vector  spaces  over  Fq  of  dimension  d  —  ab,  and 
fort  G  1,2,  Bt  is  a  non-singular  symplectic  form  on  Vt)  I(Vt,  Bt)  is  the  isometry  group 
of  (Vt,Bt)  and  gt  is  a  homogeneous  element  of  I(Vt,  Bt)  with  gp  =  1,  xt  =  gt  —  I, 
Wt  =  ker(xt)  and  dimp,  Wt  —  b.  Furthermore,  let  Bt  be  the  bilinear  form  on  Wt 
induced  by  gt  as  in  Definition  3.2.3  and  let 

fit  =  {vtixtak  |1  <£<6, 0<A:<a  —  1} 

be  a  standard  basis  for  (Vt,Bt,gt)  as  in  Definition  3.2.7.  Suppose  (Wi.Bi)  and 
(W2,  B2)  are  isometric.  Then  the  map 

zi:Vl  — >  V2 

vuxk   1—4.   v2ixk  (l<i<b,0<k<a-l) 
is  an  isometry  between  (Vi,B\)  and  (^,.62). 

Proof:  To  avoid  the  perhaps  confusing  mass  of  subscript  indexing,  let  us  use  the 
following  notations:  v{  =  t>i„  u,  =  v2i  for  1  <  i  <  6,  x  =  xx  and  y  =  x2.  Then  we 
need  to  show  that 

Bl(vixk,vjxl)  =  B2(uiyk,ujyl) 
for  all  1  <  i,j  <  b  and  0  <  kj  <  a  -  1.  Actually,  it  is  enough  to  show  that 

Bi(vi,VjXl)  =  B2(ui,Ujyl) 

for  all  1  <  i  <  j  <  b  and  0  <  /  <  a  -  1,  because  Bx  and  B2  are  symplectic  bilinear 
forms  and  it  is  always  true  that 

a-l 

B1(vix\vjxl)  =  B1(vhvjxl(r(x))k)  =  ftKt^(£(-l)V)*) 

r=l 

and 

a-l 

B2{uiyk,u3yl)  =  B2(u„ujy'(T(y))k)  =  B3(«„ ^^(^(-1)^)*)  • 
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Since  (Wi,  Bi)  and  (W2,  B2)  are  isometric,  it  follows  from  the  definition  of  standard 
bases  (Definitions  3.2.6  and  3.2.7)  that  for  any  1  <  i,j  <  6,  B\{viXa~l  ,VjXa~l)  = 
B\{uiya~1  ,Ujya~1)  and  hence 

Bl{vi,vJxa-l)  =  Bl{vixa-\v3xa-l)  =  B2{uiya-\u3ya-1)  =  B2(ui,ujya-1)  . 

Also,  from  the  definition  of  standard  bases, 

Bi(vi,VjXl)  =  0  =  B2{ui,Ujy') 

whenever  /  <  a  —  1  and  either  i  <  j  or  i  —  j  and  /  is  an  odd  number.  Finally,  we 
need  to  show  that  for  any  1  <  *  <  6  and  0  <  /  < 

Bi(vi,ViX2')  =  B2(ui,Uiy21)  . 

By  an  induction  hypothesis  on  /  we  may  assume  that  ff)  =  B2(ui,  u,t/fc)  for  all 

k  >  21  +  1.  Then  by  Lemma  3.2.2,  there  is  a  polynomial  hi(t)  G  Z[t]  of  degree  21  +  1 
such  that 

Bxiv^ViX2')  =  B^Vi^ihiix))  and  B2(ui,Uiy2')  =  B2(in,u, ,ht(y)) . 

By  our  induction  hypothesis  #i(t>,-,  u,-  ht(x))  =  B2(ui,  u,  hi(y)),  therefore  #i(i>,-,  ViX21) 
—  B2(v,i,Uiy21)  and  this  completes  the  proof.  ■ 

Now  we  are  ready  to  prove  that  the  bilinear  form  B  on  W  characterizes  the 
conjugacy  class  of  g  in  /(V,  B). 

Theorem  3.2.13  Let  g,h  G  I(V,B)  homogeneous  elements  of  order  p,  x  =  g  —  1, 
y  =  h  —  1  and  let  Bg  and  Bh  be  the  bilinear  forms  on  Wg  =  kerx  and  Wh  =  kery 
induced  by  g  and  h,  respectively.  Then  g  and  h  are  conjugate  in  I(V,  B)  if  and  only 
if  there  is  an  isometry  between  (Wg,Bg)  and 
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Proof:  First  assume  that  g  and  h  are  conjugate  in  I(V,B)  that  is,  h  =  z~lgz  for 
some  z  €  /( V,  B).  Then  of  course,  y  =  z~lxz  and  Wk  =  WjZ.  (For  if  v  €  Wff  then 
(uz)y  =  (vz)z~lxz  =  vxz  =  Oz  =  0.)  In  fact  the  map 

(p:Wg  _4  ^ 

V     I  ►  UZ 

is  an  isometry  between  Wg  and  Wh,  as  for  any  u,v  6  V 

=  ^(uzy-1,^0"1) 
=  B(uz,vzya~l) 
=  B(uz,vxa~lz) 
=  5(u,uxa_1) 

To  prove  the  other  direction,  assume  that  (Wg,Bg)  and  (Wh,  Bh)  are  isometric 
and  let  {ui,  i?2,  •  •  •  » ^f>}  and  {ux,  u2, . . .  ,  it&}  be  ordered  subsets  of  V  such  that  /?a  = 
{vixk  1 1  <  *'  <  5,0  <  A;  <  a  -  1}  and  fih  -  {u,-yfc  1 1  <  i  <  6, 0  <  k  <  a  -  1}  are 
standard  bases  for  (V,  B,g)  and  (V,  B,  h),  respectively,  as  in  Definition  3.2.7.  Define 
z  6  GL(V)  to  be  the  map 

z:V  — ►  V 

v{xk  i — ►   u,x*    (1  <  i  <  6,  0  <  k  <  a-  1), 

Then  certainly  h  —  z~lgz  and  y  —  z~xxz,  and  as  we  proved  it  in  Lemma  3.2.12, 
zeI(V,B).  m 

Theorem  3.2.14 


(q-l)62  +  fe 

q     2      .  5)|,    if  a  is  even; 

■  \I(W,B)\,        if  a  is  odd. 


\Ci(v,B)(g)\  = 
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Proof:  According  to  Lemma  3.2.12  if  {u,  1 1  <  i  <  6}  and  {u,- 1 1  <  i :  <  b}  are  ordered 
subsets  of  V  such  that 

Pi  =  {v{xk  1 1  <  i  <  6, 0  <  k  <  a  -  1} 

and 

(32  =  {Uixk  |l<i<6,0<fc<a-l} 

are  standard  bases  for  (V,  B,g)  then  there  is  an  element  z  in  Ci(v,B)(g),  the  centralizer 
of  g  in  /(V,  B),  such  that  ViXkz  -  u{xk  for  all  i  and  k.  In  other  words,  Ci(v,B)(g)  acts 
transitively  (and  thus  regularly)  on  the  standard  bases  of  (V,B,g).  This  means  that 
the  order  of  Ci(v,B)(g)  is  equal  to  the  number  of  standard  bases  for  (V,B,g),  which 
number  is  calculated  in  Lemmas  3.2.10  and  3.2.11.  ■ 

Definition  3.2.15  Define  a  real  number  p(V,  B,g)  for  the  triple  (V,  B,g)  as  follows. 


p(V,B,g)={ 


2,         if  a  is  even  and  b  is  odd; 

b   

if  a  and  b  are  even  and  (W,  B)  is  of  type  +; 

-5+1 


9 

q? ,       if  a  is  odd 


if  a  and  b  are  even  and  (W,  B)  is  of  type  —; 

5-1 


Theorem  3.2.16 


\CI{V,B)(9)\  =  qS£   J]  (l-i).^,^) 


Q 

Kk<b 


k  even 

Proof:  If  a  is  even  and  b  =  21  +  1  then 


\I(W,B)\   =  |<W?)| 

=   2/(,2  -         -  1)-  (,2'-'  -  1) 

=  v<a+»n(i-^) 
■^3(.-i). 


l<fc<6 
A:  even 


If  a  is  even  and  6  =  2/  and  (WB)  is  of  type  e  then 


\I(W,B)\    =  \0<2l(q)\ 


=  2g'('-1V-l)(94-l)---(^-1)^ 

=  2^11(1-^)^ 
fc=i        *  * 

=  ^  n  (i-4)  mv,b,9). 

1<*<6  V 


even 


If  a  is  odd,  then  b  =  21  for  some  integer  /  and 


\I(W,B)\    =  \Sp2l(q)\ 

=  ^V-IK?4-!)---^2'-1-!) 

=  ^'+i)ri(i-^) 

)t=i  h 

=  «*  II  (i-i) 


l<Jt<6  ' 
fc  even 

The  rest  follows  from  Theorem  3.2.14:  If  a  is  even  then 


(  q  -  1  )  h2  +  b 


\CI{v,B)(g)\  =  q'—t—-\I(W,B)\ 


l<fc<!> 
even 


9 

1<A;<6 
/s  even 


and  if  a  is  odd  then 


l<fc<6  ^ 
even 


l<k<b 
k  even 


This  completes  the  proof. 
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According  to  Theorem  3.2.13  if  a  is  odd  then  in  I(V,B)  there  is  only  one 
conjugacy  class  of  homogeneous  elements  g  with  the  properties  that  gp  =  1  and 
dimp,  ker(<7  —  1)  =  6.  (Of  course,  assuming  that  there  exist  such  elements  in  /(V,  B).) 
And  this  is  true  because  there  is  only  one  symplectic  form  on  vector  spaces  of  dimen- 
sion b  over  F,,  up  to  isometry.  However,  this  is  not  the  case  for  symmetric  forms  in 
dimension  6,  so  it  is  a  natural  question  to  ask  whether  the  homogeneous  elements  g 
in  I(V,  B)  with  gp  =  1  and  dimp,  ker(#  —  1)  =  b  form  one  or  two  conjugacy  classes 
in  /( V,  B),  when  a  is  an  even  number.  We  finish  Section  3.2  by  giving  an  answer  to 
this  question. 

Theorem  3.2.17  Let  V  be  a  vector  space  of  dimension  d  over  Fg  equipped  with  a 
non-singular  symplectic  form  B  and  let  /(V,  B)  be  the  isometry  group  of  B.  Further- 
more, let  d  =  a  •  b  with  1  <  a  <  p  and  let  C  be  the  set  of  homogeneous  elements  g  in 
/(V,  B)  with  gp  —  1  and  dimp,  ker(g  -  1)  =  b.  Assume  that  C  is  non-empty.  Then  C 
is  a  single  conjugacy  class  in  I(V,B)  if  a  is  odd  and  C  is  a  union  of  two  conjugacy 
classes  in  I(V,B)  if  a  is  even. 

Proof:  Once  again,  this  theorem  immediately  follows  from  Theorem  3.2.13  if  a  is 
odd,  as  we  already  explained  it  before.  To  prove  the  theorem  in  the  case  when  a  is 
even,  we  just  need  to  show  that  both  symmetric  forms  in  dimension  b  can  occur  as 
induced  forms  Bg  on  the  kernel  of  g  —  1  for  some  g  in  C. 

Choose  an  element  g  £  C  and  as  always,  let  x  ==  g  —  1  and  W  =  ker(x)  = 
Vxa~l.  Also,  let  /?  =  {viXk  1 1  <  i  <  6, 0  <  k  <  a  —  1}  be  a  standard  basis  for  (V,  B,g). 
Then  it  follows  that  the  subspaces  V{  =  {v{Xk  \  0  <  k  <  a  —  1)  fori  =  1,2, ...  ,6 
are  perpendicular  to  each  other.  (See  the  proof  of  Lemma  3.2.10.)  Define  a  new 
symplectic  form  B'  on  V  so  that 

.      I  B(u,  v),     if  u,  v  €  Vi  for  some  1  <  i ;  <  b  —  1  ; 
B  [u,  v)  =  < 

I  8B(u,v),    if  u,v  €  Vb  . 
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Recall  that  8  is  a  fixed  quadratic  non- residue  in  F9.  Obviously,  B'  is  a  non-singular 
symplectic  form  on  V,  g  €  /(V,  B')  and  the  induced  symmetric  form  B'  on  W  is  not 
isometric  to  B.  Now,  I(V,B)  and  I(V,B')  are  isometric,  both  being  a  non-singular 
symplectic  form  on  the  same  vector  space.  Say  z  €  GL(V)  is  an  isometry  from  (V,  B') 
to  (V,B)  that  is,  B(uz,vz)  =  B'(u,v)  for  all  u,v  €  V.  Then  z~lgz  <E  I(V,B)  with 
its  induced  symmetric  form  Bz-igz  on  ker(z-1^z  —  1)  =  Wz  isometric  to  B  .  Hence 
z~lgz  is  an  element  of  C  that  is  not  conjugate  to  g  in  I(V,  B).  ■ 

3.3    Elements  of  Order  p  with  Homogeneous  Action  in  GU  Groups 

In  this  section  V  is  a  vector  space  of  dimension  d  over  F,2  (q  —  pJ)  equipped 
with  a  non-singular  unitary  form  B,  I(V,B)  is  the  isometry  group  of  (V,  B)  and  g 
is  an  element  of  I(V,  B)  with  gv  —  1,  acting  homogeneously  on  V.  That  is,  the 
Fg2  (^)-module  V  decomposes  into  a  direct  sum  of  isomorphic  indecomposable  F,2- 
modules.  Say  V  =  V\  0  V2  ©  . . .  ©  Vj  where  each  V{  is  an  indecomposable  F,2 -module 
of  dimension  a.  Then  of  course,  a  <  p  and  ab  —  d.  Also,  let  8  be  a  fixed  nonzero 
element  of  F,2  with  8q  =  —8.  If  p  =  2  then  let  8  =  1.  We  will  use  the  notation  a  for 
the  conjugate  a9  of  any  element  a  in  Fg2. 

Like  in  the  previous  section,  let  r  be  the  anti-isomorphism  of  Endp^V)  with 
the  property  that 

B(u<p,v)  —  B(u,vt{ip)) 

for  all  u,v  in  V  and  tp  in  Endp(j2(V^). 

Also  let  x  =  g  —  1,  so  xa  =  0  and  like  in  the  previous  section  it  is  true  that 

a-l 

r(x)  = 

=   —x  —  sr(i) 

and  B(uxk,vx')  =  0  whenever  A;  +  /  >  a  and  B(uxk,vxl)  =  (—l)kB(u,vxa~l)  when- 
ever k  +  I  =  a  —  1 . 
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Let  W  be  the  kernel  of  x,  so  W  is  a  6-dimensional  subspace  of  V  that  is 
determined  by  g.  As  in  the  previous  section,  we  will  introduce  a  non-singular  form 
B  on  W,  but  this  time  it  will  be  a  unitary  form  and  the  definition  of  B  will  depend 
on  the  parity  of  a.  Then  we  will  show  that  the  conjugacy  class  of  g  in  /( V,  B)  is  the 
intersection  of  /(V,  B)  with  the  conjugacy  class  of  g  in  GL( V).  Finally,  we  will  give 
a  formula  for  the  order  of  the  centralizer  of  g  in  /(V,  B). 

Definition  3.3.1  Define  B  as  follows. 


B:W  xW 


B(u,vxa  if  a  is  odd; 

8B{u,vxa~1),    if  a  is  even. 


Lemma  3.3.2  B  is  a  well-defined  non-singular  unitary  form  on  W . 


Proof:  If  Uix 


a-1 


=  uxa  1  and  V\X 


a-1 


=  vxa  1  then 


B{uu  uix0-1)   =   B(u,  vxa~l)  +  B(ui  -  u,  vxa~l) 


=   B(u,vxa~l)  +  (-l)a_1B((ui  -  u)xa~l,v) 


=   B(u,vxa-l)  +  (-l)a-lB(Q,v) 


=   fi(u,uxa_1)  . 


Also, 


B(v,uxa~l)   =  (-l)a-1B(vxa-\u) 


=  (-l)a-1B(u,vxa-1) 


so  if  a  is  odd  then 


B(vxa-\uxa~l)  =  B(v,uxa-1)  =  B{u,vxa~l)  =  B(uxa-\vxa-1) 


and  if  a  is  even  then 

~B(vxa-\ uxa~l)  =  SB(v,  uxa~l)  =  -8B{u,vxa-1)  = 

=  8B(u,vx°-1)  =  B(uxa-1,vxa-1)  . 

Finally,  the  non-singularity  of  B  on  W  follows  obviously  from  the  non-singularity  of 
B  on  V.  ■ 

Definition  3.3.3  Let  be  an  ordered  basis  for  W.  We  say  that  /?  is  a  standard 
basis  for  (W,  B)  if 

nt         \     J1'    {fi  =  j' 
B{wi,Wj)  =  < 

[0,    if  it  3. 

Let  {i>i,i>2)  •  •  •  ivb\  be  an  ordered  subset  ofV  such  that 

(3  =  {viXk  |l<i<6,0<fc<a-l} 

is  a  basis  for  V.  We  say  that  together  with  the  ordering  of  {vi,v2,  ■  ■  ■  ,t>&}  is  a 
standard  basis  for  (V,  B,g)  if 

1.  {u,xa_1  1 1  <  i  <  b}  is  a  standard  basis  for  {W,  B), 

2.  B(viXk,VjXl)  =  0  whenever  i  ^  j, 

3.  One  of  the  following  holds. 

(a)  The  number  a  is  an  odd  integer,  B(vi,V{Xk)  €  F9  for  all  i  and  k,  and 
B(vi,ViXk)   -  0  whenever  k  is  an  even  number  strictly  less  than  a  —  I. 

(b)  a  is  an  even  integer,  p  is  an  odd  prime,  B(vi,ViXk)  (E  <£F?  for  all  i  and  k, 
and  B(v{,ViXk)  =  0  whenever  k  is  an  odd  number  strictly  less  than  a  —  1. 

(c)  a  —  p  —  2  and  Z?(v«,  u,-)  =  0  for  all  1  <  i  <  b. 
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Lemma  3.3.4  Suppose  that  a  is  odd  and  let  w  €  W  be  any  nonzero  vector.  Define 
Sw  to  be  the  set  of  all  vectors  v  in  V  such  that  =  w,  B(v,vxk)  =  0  for  every 

even  number  k  with  0  <  k  <  a  —  1  and  B(v,  vxk)  €  F9  for  every  0  <  k  <  o  —  1.  Then 

\SJ[  =  ql°-Wb-V  . 

Proof:  Notice  that  £(u,v£0_1)  =  5(uxa_1,  vxa~l)  €  F,  for  any  v  €  V,  so  actually 
we  could  omit  the  condition        ux°-1)  €  F9  from  the  definition  of  Sw. 

If  a  =  1  then  g(a-1K2,>_1)  =  1  and  Sw  —  {w},  so  from  now  on,  we  may  assume 
that  a  >  3  (and  hence  p  is  an  odd  prime).  Let 

Wi  =  {v  ev\ vxa~l  =  w} 

and  define  the  maps  for  1  <  i  <  a  —  1  and  sets  Wi  for  2  <  i  <  a  as  follows.  For 
any  1  <  t  <  a  —  1  let 

^•:Wt-  — >  F,2 

i;  i — >  B{v,vxa-{-1) 

\{v  €  Wi  |         =  0},     if  t  is  even; 
<+1     ~     \{»€  Wi|v<(»)€F,},  ifiisodd. 

Since  \Wi\  =  q2^'1^  and  Sw  =  Wa,  it  will  be  enough  to  show  that  =  J|Wi| 

for  any  1  <  /  <  a  —  1. 

First  assume  that  /  is  odd  and  let  v  be  any  vector  in  W\.  Then  for  any  u'  €  V, 
t>  +  u'x'  is  also  an  element  of  Wi  because  (v  +  v'x')xa~l  —  w  and  for  any  1  <  t  <  I  —  1, 

tpi(v  +  vV)  =  B(v  +  v'x',  (v  +  v'xl)xa~{-1)  = 


72 


as  a  +  I  —  i  —  1  >  a.  Furthermore, 

<pi(v  +  v'x')   =   B(v  +  uV,  (u  +  t/x');ra~z~1 ) 

=  B(w,  vxa~1-1)  +  B(v,  v'xa-1)  +  B(v'xl,  vx"-'-1) 
=  ui0-'-1)  +  B(v,  v'x11-1)  -  B{v\  vxa~l) 


=  <pt(v)  +  B{vxa-\v'xa-1)  -  B{vxa~\ v'xa~l) 
=   <p,(v)  +  B{w,  v'x*-1)  -  B(w,  v'xa~l)  . 

Notice  that  the  map 

a,:Vxl  — >  SFq 

v'x'  i— +    SK^V-1)  -  £(w,?/;ra-1) 

is  a  well-defined  non-trivial  F9-linear  map,  and 

1, 


v  +  v'x1  <E  Wt+1  <!=^  a,(uV)  =  ~[<pi{v)  -  fi(v)\  , 
so 

|W/+1n{v  +  Vx'}|  =  -|{«  +  V:r'}|. 

9 

This  is  true  for  any  v  €  Wi,  therefore 

|Wi+1|  =  i|Wi  +  Vx'|  =  i|W,|. 

Next,  assume  that  /  is  even  and  let  v  be  any  vector  in  W\.  Then  by  the  way 
we  defined  Wi,  B(v,  vx%)  €  F,  for  any  i  >  a  —  I.  Since  a  —  I  —  1  is  an  even  integer  in 
this  case,  by  Lemma  3.2.2  there  is  a  polynomial  h(t)  €  Z[i]  of  degree  a  —  I  such  that 


a-l-l   _  ,  q-l-1 


<pt(v)  =  B(v,vxa~1-1)  =  B{vx~^~  ,vx~^~ )  +  B{v,vh(x))  . 

This  shows  that  ft(v)  G  F,,  and  this  is  true  for  any  vector  v  in  Wt. 

Notice  that  for  any  v'  €  V,  v  +  v'x1  is  also  an  element  of  Wi  because  {y  + 
v'xl)xa~l  =  w  and  for  any  1  <  i  <  /  —  1, 

<fi(v  +  v'x1)  =  B(v  +  v'x1,  (v  +  wV)**-*'-1)  = 
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=  B(v,vxa-i-1)  =  <Pi(v), 
as  a  +  /  —  i  —  1  >  a.  Furthermore, 

<pi(v  +  v'xl)   =   B(i)  +  u'i',(i)  +  j;'iy-M) 

=  B(v,  vxa~1-1)  +  B(v,  v'xa-1)  +  B(v'x\  vxa-l~x] 
=   B(v,  vxa~1-1)  +  B(v,  v'x*'1)  +  B(v', «/-') 


=  ipt(v)  +  B(vxa~\  v'x"-1)  +  B(vxa~\  v'x*-1) 
=   ipi(v)  +  B(w,  v'x"'1)  +  B(w,  v'x"-1)  . 


Now,  that  the  map 


a,  :  Vx'  — >  F, 


9 

v'x1       *   B{w,v'xa-1)  +  B(w,v'xa-1) 
is  a  well-defined  non-trivial  F,-linear  map  and 

v  +  v'x1  €  a/(uV)  =  -fi{v)  , 


so 


9 


This  is  true  for  any  v  £  Wi,  therefore 

\W,+1\  =  -\W,  +  Vx'\  =  -\Wl\. 
9  Q 

This  completes  the  proof  of  the  lemma.  ■ 

Lemma  3.3.5  Suppose  that  a  is  even  and  let  w  be  any  nonzero  vector.  Define 
Sw  to  be  the  set  of  all  vectors  v  in  V  such  that  vx"'1  —  w,  B(v,vxk)  =  0  for  every 
odd  number  k  with  0  <  k  <  a  —  1  and  either  p  is  odd  and  B(v,  vxk)  £  8¥q  for  every 
0  <  k  <  a  —  1  or  p  =  2  and  B(v,  v)  =  0.  Then 


\SW\  =  g(-i><»-i> 
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Proof:  Notice  that  B(v,vxa-1)  =  8~l  B(vxa~l  ,vxa~l)  <E  8Fq  for  any  v  G  V,  so 
actually  we  could  omit  the  condition  B(v,vxa~l)  €  8Fq  from  the  definition  of  Sw. 

Let  H^i  =  {u  6  V  |  vxa~l  =  w}  and  define  the  maps  tpi  for  1  <  i  <  a  —  1  and 
sets  W,  for  2  <  i  <  a  as  follows.  For  any  1  <  i  <  a  —  1  let 


p,-  :  Wi  — »  F„2 


o-t'-l> 


fl(v,t;a:0— *) 

{u  G  VV,  |  Vt(^)  =  0},  if  p  and  i  are  odd; 

{u  €  Wi  |  v7!^)  €  ^F,},  if  p  is  odd  and  i  is  even; 

{t>  6  Wi  |  ¥>,■(«)  =  0},  if  p  =  2  and  t  =  1. 


Since         =  q2(a-1)b  and  Sw  =  Wa,  it  will  be  enough  to  show  that  =  lq\W,\ 

for  any  1  <  /  <  a  —  1. 

First  assume  that  /  is  odd  and  let  v  be  any  vector  in  W\.  Then  for  any  v'  €  V, 
v  +  v'x1  is  also  an  element  of  Wi  because  (v  +  v'xl)xa~l  =  w  and  for  any  1  <  t  <  /  —  1, 

ipi(v  +  v'x1)  =  B(v  +  v'x',  (v  +  w'aj')*""''"1)  = 

=  B{v,vxa-i-l)  =  yi{v)  , 
as  a  +  /  —  i  —  1  >  a.  Furthermore, 

+ uV)   =   B(t;  +  i;V,(i;  +  ^xV-M) 

=  B(v,  ux0"'-1)  +  B(v,  t/x"-1)  +  fl(vV,  ux0"'-1) 
=   B(v,  ux3-'-1)  +  B(t>,  v'x0-1)  -  B(v',  vx*'1) 


=  <pt(v)  +  S-1[B(vxa-\v'xa-1)  -  B(vxa~\  v'x*-1)] 
=   ipi{v)  +  8-l[B{w,v'xa-1)  -  B(w,v'xa-1)]  . 


Notice  that  the  map 


a,  :  Vx1  — >  F, 

v'x1  i — >   8-1[B(w,v'xa-1)  -  B~(w,v'xa-1)) 
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is  a  well-defined  non-trivial  F9-linear  map  and 

v  +  v'x1  e  Wi+i        a,(v'xl)  =  ~[pi(v)  +  <pi(v)] 

if  the  characteristic  is  odd  and 

v  +  v'x1  €  Wi+i        ai(v'x')  =  —ipi(v) 

if  the  characteristic  is  even  (and  in  that  case,  actually  /  =  1  and  <fi(v)  =  B(v,v)  for 
all  v).  This  shows  that 


\Wl+1n{v  +  Vxl}\  =  -\{v  +  Vxl}\. 

9 

This  is  true  for  any  v  €  Wi,  therefore 

\Wl+1\  =  -\Wl  +  Vx'\  =  -\Wl\. 

Next,  assume  that  /  is  even  and  now  we  can  also  assume  that  the  characteristic 
is  odd.  Let  v  be  any  vector  in  W\.  Then  because  of  the  way  we  defined  Wj,  B(v,  vx%)  € 
SFq  for  any  i  >  a  —  I.  Also 


<pi(v)  +  <pi(v)   =  B(v,vxa~1-1)  +  B{v,vxa~1-1) 

=  B{v,vxa-'-1)  +  B(vxa~l-\v) 

=  B(v,  vxa~1-1)  +  B(v,  vrix)11-1-1) 

=  B(v,v[xa-'-l  +  r(x)a-1-1)). 

Here,  since  a  —  /  —  1  is  an  odd  number, 

o-l 
k=l 

is  a  polynomial  of  x  of  degree  at  least  a  —  I,  therefore 

B(v,v[*o-,-1  +  r(a0°-,-1])€*F, 


that  is,  <pi(v)  +  (fii(v)  E  SFg.  This  means  that  fi(v)  €  8Fq,  and  this  is  true  for  any 
vector  v  in  W\. 

Like  with  all  the  other  cases  (regarding  the  parities  of  a  and  /),  it  is  also  true 
that  for  any  v'  €  V  that  v  +  v'x1  is  also  an  element  of  Wi,  because  (v  +  v'xl)xa~x  = 
vxa~l  =  w  and  for  any  1  <  i  <  /  —  1, 

<Pi(v  +  v'x1)  =  B{v  +  v'x',  (v  +  u'a^x0—1)  = 

=  B(v,vxa-t-1)  =  <pi(v), 

as  a  +  /  —  i  —  1  >  a.  Furthermore, 

W(v  +  v'xl)   =   B{v  +  v'xl,(v  +  v'xl)xa-1-1) 

=    B{v,vxa-l~l)  +  B{v,v'xa-X)  +  B(v'xl,vxa-1-1) 
=    B(v,  t)i°-M)  +  B(v,  v'x0'1)  +  B(v',  vx*-1) 


=   ^(v)  +  8- l[B(vxa-\  v'x—1)  +  B(vxa~\  v'x0-1)] 


=   yi{v)  +  8-1[B(w,v'xa-x)  +  B{w,v'xa-1)} 

Notice  that  the  map 

a,  :  Vxl  — ►  8Fq 


v'xi  8-1[B(w,v'xa-1)  +  B{w,v'xa-1)] 

is  a  well-defined  non-trivial  F9-linear  map  and 

v  +  v'x1  6  Wi+i        cti(v'x')  =  -fi(v)  , 


so 

\Wl+1n{v  +  Vx'}\  =  -\{v  +  Vxl}\ 

9 


This  is  true  for  any  v  (E  Wi,  therefore 


\Wl+1\  =  -\W,  +  Vxl\  =  -\W,\. 


This  completes  the  proof  of  the  lemma. 


Lemma  3.3.6  The  number  of  standard  bases  for  (V,B,g)  is 

tml  q 

Proof:  We  will  show  that  if  /?  =  {wi,w2,...  ,Wb}  is  any  given  standard  basis  for 
(WJ3),  then  the  number  of  standard  bases  /?  =  {u,xfc  1 1  <  i  <  b,  0  <  k  <  a  -  1}  for 
(V,  B,g)  with  ViXa~l  =  Wi  (»  =  1,2, . . .  ,  6)  is  equal  to  g^"-1)*2.  And  since  the  number 
of  standard  bases  for  (W,  B)  is  the  same  as  the  order  of  the  isometry  group  of  (W,  B), 
this  will  already  imply  the  statement  of  the  lemma. 

So  choose  a  standard  basis  {u>i,  w2, . . .  ,  Wb}  for  (W,  B)  and  choose  a  vector  v\ 
from  SWl.  If  6  =  1  then  (3  =  {vixk  |0</;<a-l}isa  standard  basis  for  (V,  B,g) 
and  the  number  of  choices  for  v\  is  |<Su,,|  =  ga_1,  so  the  lemma  is  true. 

From  now  on,  we  may  assume  that  b  >  1.  Notice  that  B  is  non-singular  on 
Vi  =  (vi,vix,vl,...  ,vlxa~l  =  wi).  For  if  v  =  YaZq  ^iv\x>  and  3  1S  tne  smallest 
integer  between  0  and  a  —  1  such  that  Aj  ^  0  then 

a-l 

B(«,v1ia-J'-1)    =  fl(^Ait;1x>1a;0-J'-1) 

=  B(Ai«ixi,v1x°~i-1) 
=  (-l^'A^fa,**-1) 
=  {-lyXjBiwuWi) 

Now,  since  5  is  non-singular  on  Vi,  it  must  be  also  non-singular  on  Vf1,  the  perpen- 
dicular space  of  V\ .  Hence  by  an  induction  hypothesis  on  b,  we  may  assume  that  this 
lemma  is  true  for  Vjx  that  is,  the  number  of  standard  bases  /3i  =  {v{Xk  |  2  <  i  <  6, 0  < 
k  <  a-l}  for  {Vf,B,g)  withu.x"-1  =  w{  (2  <  t  <  a-l)  is  equal  to  g(«-1)(*-»)2.  Since 
any  standard  basis  of  (V^,  B,g)  together  with  the  set  {v\Xk  |  0  <  k  <  a  —  1}  forms  a 
standard  basis  for  (V,  B,g)  and  since  there  are        |  =  q(a~1)(2b~1)  possible  choices  for 
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vi ,  this  shows  that  the  number  of  standard  bases  (3  =  {v{Xk  1 1  <  t  <  6, 0  <  A;  <  a  —  1} 
for  (V,  B,g)  with  u;x°_1  =  ty,  (z  =  1,2,...  ,  b)  is  equal  to 

9(a-l)(6-l)2  .  9(o-l)(26-l)  _  ?(a-l)62  > 

as  we  wanted.  ■ 

Next  we  show  that  the  matrix  of  B  under  any  standard  basis  is  always  the 
same.  In  other  words: 

Lemma  3.3.7  Suppose  14,14  are  vector  spaces  over  Fq2  of  dimension  d  =  ab,  and 
fort  €  {1,2},5<  is  a  non-singular  unitary  form  on  Vt,  I(Vt,Bt)  is  the  isometry  group 
of  (Vt,Bt)  and  gt  is  a  homogeneous  element  of  I(Vt,  Bt)  with  g\  =  1,  xt  =  gt  —  1, 
Wt  =  ker(xt)  and  dimp^Wi)  =  b.  Furthermore,  let  Bt  be  the  bilinear  form  on  Wt 
induced  by  gt  as  in  Definition  3.3.1  and  let 

fit  =  {vtixkt  1 1  <  i  <  b,  0  <  k  <  a  -  1} 

be  a  standard  basis  for  (Vt,Bt,gt)  as  in  Definition  3.3.3.  Then  the  map 

z:Vx  — >  V2 

vuxk  i — ►   v2iXk    (1  <  i  <  6, 0  <  k  <  a  -  1) 
is  an  isometry  from  (Vi,Bi)  to  (V2,  ^2)- 

Proof:  Like  in  the  proof  of  Lemma  3.2.12,  it  is  worth  simplifying  a  little  bit  on  the 
notation.  Let  i>,  =  vu,  Ui  =  u2,  for  1  <  t  <  6,  x  =  Xi  and  y  =  x2.  Then  we  need  to 
show  that 

Bi(viXk,VjXl)  =  B2(uiyk,Ujyl) 

for  all  1  <  i,j  <  b  and  0<fc, /<a  —  1.  Since  by  the  definition  of  standard  bases 
(see  Definition  3.3.3),  Bi(viXk,VjXl)  =  0  =  B2(uiyk,Ujyl)  whenever  i  ^  j,  and  since 
for  any  1  <  t i  <  6  and  0<fc,/<a  —  1, 

a-l 

B^Vix'^ix')  =  B1(vi,vixlr(x)k)  =  Bx{vi,  v,x'(^(-l)V)*) 
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and 

a-l 

B2(tiiyW)  =  B2(uuuiy,r(y)k)  =  B2(Ui,  u,t/(£(-l)V)fc)  , 

i=i 

it  will  be  enough  to  show  that 

5i(u,-,u,x')  =  B2{ui,Uiyl) 

for  all  1  <  *  <  6  and  0  <  /  <  a  —  1.  We  will  do  this  by  way  of  contradiction. 

Suppose  Bi(vi,ViXl)  /  B2(ui,iiiyl)  for  some  i  and  /  and  we  may  assume  that 
Bi(vi,  ViXk)  =  B2(ui,  Uiyk)  for  any  k  >  I  +  1.  Of  course,  /  <  a  —  2  since 

B^ViX*-1)  =  51(u,x°-1,?;,xa-1)  =  1  = 

Separate  the  two  cases  when  a  is  odd  and  when  a  is  even.  Suppose  a  is  odd.  Then 
/  must  be  odd  too,  as  Bi(vi,ViXk)  =  0  =  B2(ui,Uiyk)  for  any  even  integer  k  with 
0  <  k  <  a  —  1  (see  Definition  3.3.3).  Notice  that  in  this  case  a>/  +  2>3so  F92 
must  be  a  field  of  odd  characteristic.  Since  /  is  an  odd  number, 

s'  +  T(*)W+(£(-l)**fc)' 
k=l 

is  a  polynomial  of  x  of  degree  at  least  /  +  1  with  integer  coefficients,  therefore 
B1(vi,vi[xl  +  t(x)1})  =  B2(Ui,Ui[yl  +  r(y)'])  . 
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And  since  ViX1),  B2(u{,  u,-x')  G  F9  (also  by  the  definition  of  standard  bases), 

Bi(vi,ViXl)    =  ViX1)  +.BiivSy  ViX1)) 

=     \(BAVii  ViX')  +  B\{vix\  vi)) 

=   ^(B^vix1)  +  B^vuVirix)')) 
=   ^(i^[x'  +  r(*)']) 

=  ^(uumy  +  Tiy)1}) 

=   ^(B2(ui,uiyl)  +  l*2(tti,u,T(y)')) 
=   ^  (52(u„  u,y')  +  52(w,y',  u,-)) 
=   ^(5a(ui,w<y')  +  B2(ui,Uiy')) 
=   B2(ui,Uiyl)  , 

a  contradiction.  Suppose  a  is  even.  Then  /  must  be  even  also,  as  Bi(v,-,  V,ar  )  =  0  = 
B2(ui,Uiyk)  for  any  odd  integer  with  0  <  A;  <  a  —  1.  If  the  characteristic  is  2  then 
a  =  2,  /  =  0  and  u;)  =  0  =  B2(ui,  u,),  so  from  now  on,  we  may  assume  that 

the  characteristic  is  odd.  Since  /  is  even 

x'-r(x)'  =  x'-(J2(-l)kxk)1 
k=i 

is  a  polynomial  of  x  of  degree  at  least  /  +  1  with  integer  coefficients,  therefore 
BtfatHW  -  t(x)'})  =  B2(Ui,Ui[y'  -  r{y)1])  . 
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And  since  Bi(vt-,t;(-x '),  B2(ui,UiX ')  €  £F?  (by  the  definition  of  standard  bases), 


a  contradiction.  This  completes  the  proof.  ■ 

Theorem  3.3.8  Let  g,h  €  I(V,B)  homogeneous  elements  of  order  p,  x  =  g  —  1, 
y  —  h  —  I,  and  assume  that  dimp^  ker(x)  =  dimp^  ker(y)  =  b.  Then  g  and  h  are 
conjugate  in  I(V,B). 


Proof:  Let  pa  =  {Vixk  \  1  <  i  <  b,  0  <  k  <  a  -  1}  and  fih  =  {u,-y*  1 1  <  »'  <  6,  0  < 
k  <  a  —  1}  be  standard  bases  for  (V,B,g)  and  (V,B,h),  respectively.  Define  the 
linear  transformation  z  £  GL(V)  by 

=  u,-y*  (l<i<6,0<A;<a-l) 

so  obviously  h  =  z~lgz  and  y  =  2r-1x^  and  by  Lemma  3.3.7  z  6  /( V,  B).  ■ 

Theorem  3.3.9 


BifaviX1)   =   -(Bi(vi,ViXl)  -  Bi(vi,ViX1)) 


=  r(Bi(vj,Vj«l)-Bi(v<xl,V{)) 

=  ~(Bi(t;,-,v,x')  -  B1(vi,viT(x)1)) 

=  ift(t»i,^-T(*)1) 

=  -  (B2(ui,  u,y')  -  B2{uiy\  u,)) 


=   B2(ui,Uiyl)  , 
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Proof:  According  to  Lemma  3.3.7  if  {u,  1 1  <  i <  b}  and  {u,  1 1  <  i  <  b}  are  ordered 
subsets  of  V  such  that 

01  =  {viXk  1 1  <  i  <  b,  0  <  k  <  a  -  1} 

and 

02  =  {uiXk  |l<i<6,0<A:<<z-l} 

are  standard  bases  for  (V,  £?,  g)  then  there  is  an  element  z  in  Ci(v,b){9),  the  centralizer 
of  g  in  /(V,  B),  such  that  v.x*^  =  u,xfc  for  all  i  and  k.  In  other  words,  C/(v,b)(<7)  acts 
transitively  (and  thus  regularly)  on  the  standard  bases  of  (V,B,g).  This  means  that 
the  order  of  C/(v,B)(<jf)  is  equal  to  the  number  of  standard  bases  for  (V,  B,g),  which 
number  is  calculated  in  Lemma  3.3.6.  ■ 

3.4    Arbitrary  Elements  of  Order  p  in  GL,  Sp  and  GU  Groups 

Throughout  this  section  V  is  a  vector  space  over  a  field  F  of  characteristic  p, 
B  :  V  x  V  F  is  a,  bilinear  or  sesquilinear  form  on  V,  g  is  an  element  of  order  p  in 
the  isometry  group  /(V,  B)  of  (V,  B)  and  we  assume  that  one  of  the  following  holds. 

1.  B  =  0  and  F  =  F,  with  q  =  p*, 

2.  B  is  a  non-singular  symplectic  form  on  V,  F  =  F?  with  q  =     and  p  is  an  odd 
prime, 

3.  B  is  a  non-singular  unitary  form  on  V  and  F  =  F?2  with  q  =  p2* . 

Notation:  For  any  pair  (a,  b)  of  positive  integers  with  a  <  p,  let  Va>i  be  the  quotient 
module  of  the  regular  F(<7)-module  having  dimension  a  over  bfF,  and  let  Va^  be  the 
direct  sum  of  b  copies  of  Va^. 

The  F(p)-module  V  decomposes  into  a  direct  sum  of  homogeneous  F(<?)- 
modules,  say 

e 

V  =  0V5,    K~VU  (3.1) 
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where  1  <  a{  <  a,j  <  p  for  all  1  <  i  <  j  <  e.  Of  course,  e  <  p  and  Yli=i  a«A'  ~  d. 
According  to  the  well-known  Krull-Schmidt  Theorem,  the  numbers  e,  a,-,  6,-  (1  < 
i  <  e)  are  uniquely  determined  by  V.  However,  the  decomposition  in  (3.1)  itself 
is  not  unique  in  general.  Most  of  this  section  will  be  devoted  to  studying  these 
decompositions  of  V  into  a  direct  sum  of  homogeneous  submodules. 

e 

We  say  that  such  a  decomposition  V  =  0  K  is  orthogonal  is  B(vi,Vj)  =  0 

j=i 

whenever  u,-  €  V;,  Vj  €  Vj  and  i  ^  j. 

Lemma  3.4.1  Suppose  B  is  a  non-singular  form  on  V  then  for  any  non-negative 
integer  a, 

Vxa  =  ker(xa)x  . 

Proof:  Using  the  fact  that  r(x)  =  —  x(l  +  x)"1,  if  v  G  V  and  u  €  ker(x°)  then 

B{vxa,  u)  =  B(v,  ur(x)a)  =  (-l)aB(v,  uxa(l  +  x)~a)  =  0  . 
This  shows  that  Vxa  C  ker(xa)1.  And  equality  holds  since 

dimVxa  =  d  —  dimker(xa)  =  dimker(xa)1 .  ■ 


Lemma  3.4.2  Let  V  =  0  VJj  as  in  (3.1)  and  assume  that  B  is  a  non-singular  form 

1=1 

on  V.  Then  the  restriction  of  B  to  V\  is  also  non-singular. 
Proof:  Suppose  0  /  v  €  V\  D  ker(x).  Let 

e 

Wt  =  ker(xai)n  (0V-) 

«'=2 

SO 

ker(xai)  =  V1@Wl. 
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Since  Wi  C  Vx  and  v  €  ker(x),  by  Lemma  3.4.1  v  is  perpendicular  to  Wx.  But  also 
by  the  same  lemma,  v  is  not  perpendicular  to  V\  0  W\  since  v  £  Vxa  =  ker(x°)1. 
Hence  v  is  not  perpendicular  to  V\. 

Now  suppose  v  is  any  non-zero  vector  in  VI.  There  is  a  non- negative  integer 
k  such  that  vxk  /  0  and  vxh+1  =  0.  Then  by  the  above  argument,  B(v,  UT(x)k)  = 
B(vxk,  u)  ^  0  for  some  u  €  V\.  ■ 

Lemma  3.4.3  IfV~  Vatb  and  ai  is  a  positive  integer  different  from  a  then 

Vxai~l  nker(x)  C  Vxai  . 
Proof:  If  ai  >  a  then  Vxai~l  =  {0}.  And  if  «i  <  a  then  ker(x)  C  Vx"'1  C  Vxai. 


Lemma  3.4.4  Let  V  =  0  V, j  =  0  Ui  be  two  decompositions  of  V  into  direct  sums 

t=i  t=i 

of  homogeneous  F(g)-modules  with  V{  ~  Ui  ~  K;,6,  (1  <  »  <  *)  and  1  <  <*t  <  aj  <  P 
for  1  <  i  <  j  <  e,  as  usual.  Let  1  <  k  <  e  and  let  nk  :  V  — >  Vu  be  the  projection  map 
ofV  onto  Vk  with  ker(7r,)  =  0  V;.  Then 

UkTTk  -    Vk  . 

Proof:  By  way  of  contradiction,  suppose  that  Uk^k  %  Vk  and  thus  there  is  a  non-zero 

vector  u  in  Uk  such  that  uirk  =  0.  This  means  that  u  G  0  V{.  Since  both  Uk  and 

i^k 

0  V  are  F(^)-submodules  of  V,  we  may  assume  that 
i*k 

u  e  Uk  n  0  Vt  n  ker(x)  . 

i^k 

Now  u  G  t/jt  n  ker(x)  implies  that  w  €  Vxak~l.  Furthermore,  since  u  €  Vxak~l  and 

M  €  0  Kj  it  follows  from  Lemma  3.4.3  that  «  €  Vi1*.  This  is  a  contradiction  as 
i?k 

Vxa*  nuk  =  {o}.  ■ 
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e 

Lemma  3.4.5  Let  V  =  0  V  as  in  (3.1)  and  let  Ui  (1  <  i  <  e)  be  direct  summands 

i=i 

of  V  such  that  Ui  ~  Vi  for  all  i.  Then  V  =  0  Ui. 

i=i 

e 

Proof:  Let  7Ti  be  the  projection  map  of  V  onto  V!  with  ker^)  =  0  V^.  Then 

«'=2 

according  to  the  previous  lemma,  U\~K\  =  V\  and  thus 

By  repeating  the  same  argument,  one  can  easily  use  an  induction  to  show  that 

v  =  (©(/,)e(0K) 

t'=l  »=M-l 

for  any  0  <  k  <  e.  ■ 

Lemma  3.4.6  if  a,, 6,  (i  =  1,2)  are  positive  integers  such  that  ai,a2  <  p,  and 
a  =  min{ai,a2}  then 

\HomF(g)(VaiM,Va2,b2)\  =  \F\ab>b>  . 

Proof:   Let      =  {vi,v%,...  be  an  ordered  subset  of  14,,*,  such  that  (3  = 

{viXk  1 1  <  i  <  6X,0  <  k  <        is  a  basis  for  over  F.   Then  for  any  (p  G 

HomF<fl)(K1,61,Ua2,62),  the  set  (3<p  =  {vnp  |  1  <  i  <  &i}  is  a  subset  of  Va2<b2  n  ker(xai). 
On  the  other  hand,  if  «i,Ua, . . .  ,  u;,,  are  any  vectors  in  Va2,b2  H  ker(xa> ),  then  there  is 
a  unique  homomorphism  y>  from  I4lf&,  to  Va2i{,2  such  that  u,<£>  =  Uj  for  all  t.  Therefore, 

I  HomF<5>(K1,61 ,  va2M)  I  =  I  K2i62  D  ker(xai)     =  \F\ab^  , 

as  stated.  ■ 

e 

Lemma  3.4.7  Le<  V  =  0  Vi  as  in  (3.1)  and  let  1  <  k  <  e.   Then  the  number  of 

1=1 

direct  summands  of  V  isomorphic  to  Vk  is 

|p|m'n{<»ita*}'>i'>* 

Kt<e 
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Proof:  Let  Wk  =  0  K  and  let  7rjt  be  the  projection  map  of  V  onto  Vk  with  ker(7r/t)  = 
W*.  So  if  is  a  direct  summand  of  V  isomorphic  to  V*  then  by  Lemma  3.4.4  the 
restriction  of  nk  to  U  gives  an  isomorphism  from  U  to  Vk.  It  follows  from  this  fact 
that  there  is  a  map  a  :  Vk  — ►       such  that 

U  =  {v  +  va\v  eVk}  . 

It  is  easy  to  see  that  actually  a  must  be  an  F(#)-module  homomorphism.  For  if 
Vi,V2  G  V  then 

(ui  +  t>ia)  +  (i>2  +  v2a)  and  (ui  +  v2)  +  («i  +  «2)« 

are  both  elements  of  U  that  map  to  v%  +  v2  under  irk,  hence  they  are  equal,  which 
means  that 

via  +  v2a  =  (vi  +  v2)a  , 

and  this  is  true  for  any  two  vectors  v\  and  v2  in  Vk-  Also,  if  v  G  V*  then  u<7  €  Vi  so 
(v  +  uo)<7  and  vg  +  (u<7)a  are  both  elements  of  U  that  project  to  vg  under  the  map 
TTfc.  Hence  (v  +  va)g  =  vg  +  (v^)a  and  uagr  =  (u<7)a. 

On  the  other  hand  if  a  is  any  F(p)-module  homomorphism  from  V*  to  then 
it  is  easy  to  check  that  the  set  U  =  {v  +  va  1 1>  €  Vi}  is  an  F(#)-submodule  of  V  that 
maps  isomorphically  to  Vk  under  the  projection  TTk-  Furthermore,  V  =  U  ©  0  V;,  so 

i^k 

U  is  a  direct  summand  of  V. 

This  shows  that  there  is  a  one-to-one  correspondence  between  the  elements  of 
HomF(fl)(Vfc,  Wk)  and  the  direct  summands  of  V  that  are  isomorphic  to  Vk-  And  by 
Lemma  3.4.6 

|HomF<a)(14,W0l=  J]  |F|min<0i'a*>6i6*  .  ■ 

Kt<e 
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Lemma  3.4.8  Let  V  =  0  V  as  in  (3.1).  Then  the  number  of  such  decompositions 

«=i 

ofV  into  a  direct  sum  of  homogeneous  F(g) -modules  is 

__  2     £  0.6,6, 

|p|2ai6,6j  _  |p|  i<i<j<e 

l<t<j<e 

Proof:  Follows  immediately  from  Lemmas  3.4.5  and  3.4.7.  ■ 


Lemma  3.4.9  Let  V  =  0  Vj  as  in  (3.1)  and  assume  that  B  is  a  non-singular  form 

1=1 

on  V.  Then  the  number  of  orthogonal  decompositions  of  V  into  a  direct  sum  of 
homogeneous  F(g) -modules  is 

T-r  l  l  aibibj 

|p|Oi6,6j   _  |p|l<.<7<e 

l<t<j<e 

Proof:  By  induction  on  e.  If  e  =  1  then  there  is  nothing  to  prove.  If  e  >  1  and  U\  is 
any  direct  summand  of  V  that  is  isomorphic  to  Vi,  then  by  Lemma  3.4.2  V  =  Ui®U^ 

e 

therefore       ~  0  Vi  as  F(#)-modules;  and  by  the  induction  hypothesis  the  number 

:=2 

of  orthogonal  decompositions  of  U±  into  a  direct  sum  of  homogeneous  F(#)-modules 
is 

2<i<j<e 

By  Lemma  3.4.7  the  number  of  choices  for  U\  is 


J|F|ai6,6,  ^ 


i=2 

the  statement  of  the  lemma  follows  immediately.  ■ 

Lemma  3.4.10  Suppose  B  is  a  non-singular  form  on  V .  Then  Gjfy&fej)  acts  tran- 
sitively on  the  orthogonal  decompositions  ofV. 

e  e 

Proof:  Let  V  —  0  V, \  =  0  U,  be  two  orthogonal  decompositions  of  V  with  Vi  ~ 
i=i  i=i 

Ui  ~  Vaijbi  for  all  1  <  i  <  e  and  1  <  a,  <  aj  <  p  for  all  1  <  i  <  j  <  e.  It  is  sufficient 
to  show  that  for  each  k  there  is  an  F(<7)-module  isomorphism  Zk  :  Vk  — >  Uk  that 
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is  also  an  isometry  between  (Vk,B)  and  (Uk,B).  According  to  Lemmas  3.2.12  and 
3.3.7  the  existence  of  such  a  map  Zk  is  guaranteed  if  there  is  an  isometry  between  the 
induced  forms ~BX  and  ~B2  on  Wi  =  Vknker(x)  and  W2  =  f/*nker(x),  respectively  (as 
described  in  Definitions  3.2.3  and  3.3.1).  In  other  words,  it  is  enough  to  construct 
a  map  <pk  '•  W\  ->  W2  with  the  property  that  for  any  Vi,v2  G  V*  there  are  vectors 
ui,u2  G  Uk  such  that 

vixak~lyk   =   uixak~1  , 
v2xak~1ifk   =   u2xak~l  , 
B(vuv2xak-1)   =    B{uuu2xak-1)  . 

As  we  saw  it  in  the  proof  of  Lemma  3.4.7,  there  is  an  F(p)-module  homomorphism 
a  :  Vk  Vfc"  =  0  Vi  such  that  Uk  =  {v  +  va  \  v  G  14},  and  the  map  v  >->•  v  +  va 
is  an  isomorphism  from  Vk  to  Uk-  Define  (pk  to  be  the  restriction  of  this  map  to 
Wi  =  VkC\  ker(x).  Then  for  any  vuv2  G  V*,  let  tti  =  vt  +  uiQ,  u2  =  v2  +  v2a,  so 

u^"-1    =    (ui  +  vla)xak-1 

—   vixak~l  +  vixak~1a 

=   t>ia?°*~Vfc  > 
u2xak~l    =    {v2  +  v2a)xak-1 

=   v2xak~l  +  v2xak~1a 

=   t>2x8*~V*  > 
B(uuu2xa"~1)   =   B(vi  +  vla,(v2  +  v2a)xak-1) 

=    B(vuv2xak~l)  +  B(vta,  t;2i0fc_1)  + 
+B(vi  +  via,  v2axak~l)  . 

Here,  v2xak~1  G  ker(x),  so  v2xak~1a  G  ker(x)  D  0  V,  and  by  Lemma  3.4.3  v2xak~la  G 
Vxa*.  Then  by  Lemma  3.4.1  v2xak~la  is  perpendicular  to  ker(x°),  in  particular 

B(vi  +       t^aa:0*-1)  =  B(v\  +  Via,  t»2xa't_1a)  =  0  . 
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By  a  similar  argument, 

B(v1a,v2xak-1)  =  B(vlT{x)ak-la,v2)  =  0 
since  v2  €  ker(x°fc)  and  u1r(x)a*_1a  6  Vxak.  Hence 

B(uuu2xak-1)  =  B{vl,v2xa"-1) 
as  wanted.  This  completes  the  proof.  ■ 

Theorem  3.4.11  Assume  V  is  a  vector  space  of  dimension  d  over  F,  (q  =  p3 ), 
g  G  GL(V)  is  an  element  of  order  p  and 

e 
t=l 

as  Fq(g) -modules  with  1  <  a,  <  aj  <  p  for  all  1  <  i  <  j  <  e.  Then 

e  bi 


\Canv)(g)\  =  <rli-1  niK1"^) 


t=i  fc=i 

Proof:  By  Lemma  3.4.8  the  number  of  decompositions  of  V  into  a  direct  sum  of 
homogeneous  Fg(gr)-submodules  is 

q2axb,b}  _  q  l<i<j<e 

l<t<j<e 

And  because  any  two  such  decompositions  of  V  are  the  same  up  to  isomor- 
phism, it  is  easy  to  see  that  CcL(V)(g)  acts  transitively  on  these  decompositions. 
Since  the  order  of  the  stabilizer  of  one  decomposition  is 


ml 

and  since 


i^0„fc„^)i=^n(i-^) 

k=i  ^ 
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for  all  i  by  Theorem  3.1.3, 


\CGUV)(9)\  =  9*  Jl[#*  f[(l-3)] 

k=i  H 

e     bi  - 

nn  (>-i) 


e     e  e  i 

JE  E  min{oi,aj}6j6j 


t'=l  k=l 

as  stated.  ■ 

Theorem  3.4.12  Assume  that  V  is  a  vector  space  of  dimension  d  over  F,2,  B  is  a 
non-singular  unitary  form  on  V ' ,  g  G  /(V,  B)  is  an  element  of  order  p  and 

e 

1=1 

as  Fq2(g) -modules  with  1  <  a, <  aj  <  p  for  all  1  <  i  <  j  <  e.  Then 

E  E  min{ai,a,}6,6; JL    '    /  (-l)fc\ 
i=l  fc=l  ^ 

Proof:  By  Lemma  3.4.9  the  number  of  orthogonal  decompositions  of  V  into  a  direct 
sum  of  homogeneous  F,2  (^)-submodules  is 

2     E  a,6,6j 

l<i<j<e 

And  by  Lemma  3.4.10,  C7(v,b)(<7)  acts  transitively  on  these  decompositions.  Since 
the  order  of  the  stabilizer  of  one  orthogonal  decomposition  is 

e 

i=i 

and  since 

k=l  H 

by  Theorem  3.3.9, 

\cHV,B)(9)\  =  a      n  k  4  n  i1  -  V") 

«=1         fc=l  v 


E  E  min{ai,Oj}6i6j 

9 


as  stated. 
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Theorem  3.4.13  Assume  that  V  is  a  vector  space  of  dimension  d  over  F,  (q  an  odd 
prime  power),  B  is  a  non-singular  symplectic  form  on  V ,  g  G  I(V,  B)  is  an  element 
of  order  p  and 

t=l 

as  Fq(g) -modules  with  Vi  ~  Vai,bi  for  all  i  and  1  <  a,  <  aj  <  p  for  all  1  <  i  <  j  <  e. 
Then 

e     e  e 
jE  E  min{oi,aj}6,6j  /  1  \  , 

\cIiy,Bm=q'—      n  n  {i--k)-p^B^)- 

i=i  i<*;<i>,  ^ 

k  even 

Proof:  The  proof  follows  exactly  the  same  line  of  reasoning  as  the  proof  for  the 
previous  theorem,  with  the  only  difference  that  this  time  we  refer  to  Theorem  3.2.16. 
■ 

3.5    Centralizer  Orders  of  p'-Elements  in  GL,  Sp  and  GU  Groups 

Notation.  Throughout  this  section  we  will  use  the  following  notations.  V  is  a  vector 
space  of  dimension  d  over  a  field  F  of  characteristic  p,  B  is  a  non-singular  symplectic 
or  unitary  form  on  V,  r  is  the  anti-isomorphism  of  EndF(V)  with  the  property  that 

B(wp,v)  —  B(u,vt(<p)) 

for  all  u,v  €  V  and  <p  €  Endp(V).  I(V,  B)  is  the  isometry  group  of  (V,  B)  and  g  is 

an  element  of  GL(V)  with  \g\  =  o  and  gcd(o,p)  =  1.  Unless  otherwise  stated,  we 

always  assume  that  g  €  /(V,  B).  In  the  case  if  B  is  symplectic,  let  F  =  Fq  and  if  B 

is  a  unitary  form,  let  F  =  F?2,  (q  =  p>  for  some  prime  p).  The  polynomial  x°  —  1 

decomposes  into  a  product  of  irreducible  polynomials  over  F  : 

t 

i=i 

and  /,  fj  for  i  ^  j  since  x°  —  1  does  not  have  multiple  roots.  For  each  1  <  i  <  t, 
let  m,  be  the  degree  of  /,,  and  let  i'  be  the  unique  number  between  1  and  t  such 
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that  fi'(x)  is  a  constant  multiple  of  xm'f(x~l).  Let  I  denote  the  set  of  numbers  i 
with  %'  —  i  and  let  J  =  {1  <  t  <  1 1  %'  £  »}.  Furthermore,  let  I\  =  {<  €  / 1  = 
x  —  1  or  /,(x)  =  x  +  1}  and  let  72  =  AA-  Also  for  each  1  <  t  <  t  let 

=  V\vfi(g)=Q}, 

let  <f,  be  the  dimension  of  Vj  over  F,  n,  be  the  number  of  direct  summands  in  a 
decomposition  of  V{  into  a  direct  sum  of  irreducible  F(<7)-modules,  and  let  F,  be  the 
the  center  of  the  automorphism-group  of  the  F(<7)-module  V?,  together  with  the  0 
map.  That  is,  F,  =  z(AutF<3)(V-))  U  {0}.  Then  we  have  the  following: 

v  =  Vi  e  v2  © . . .  e  vt , 
t 

d  =   ^2  di , 
«=i 

=   m,  •  n,-    (for  all  1  <  i  <  t) , 

Autp(ir)(V0  ~  GLn,(9£m'), 
CGL(v)(g)  ^  JJ  AutF(fl)(v;) 

«=1 

t 

~  JjGLn,^), 


i=i 


where 


1,  if  B  is  symplectic; 

2,  if  Z?  is  unitary. 

Notice  that  these  formulas  do  not  require  g  to  be  in  in  I(V,  B).  Finally,  for  each 
1  <  i  <  t  let  7Tj  be  the  projection  map  of  V  onto  with  ker(7r,)  =  Vj,  and  let  «, 
be  the  natural  embedding  of  Endp(K)  into  Endp(V),  so  that  for  any  <p  6  Endp(VI), 


In  particular,  K,(ly,)  =  7rt. 


vip,     if  v  eVi  ; 

.0,  if«€e^,-vs- 
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Lemma  3.5.1  For  any  I  <i<t,  V±  =  Vj.  That  is,  V{  L  Vj  for  all  i  and  j 

unless  j  =  t'. 

Proof:  liv  eVi  then  for  all  w  €  V 

0  =  5(0,  w)  =  B(vfi(g),w)  =  B(v,WT(fi(g)))  = 

=  B(v,wf,(r(g)))  =  Biv^Mg-1)) 

and  so  0  =  B(v,wfi>(g)).  This  shows  that  Vfi>(g)  =  ©j^,-»  Vj  is  contained  in  V-1.  In 
particular,  dimF  K  +  £«k*  dimF  *j  <  dimF  K  +  dimF(V;)"L  <  dimF  V,  which  means 
that  dimF  <  dimF  Vi>.  But  obviously  a  similar  argument  can  be  used  to  show  that 
dimF  Vv  <  dimF  V{,  hence  V  and  Vi>  have  the  same  dimension  over  F.  Then  this 
implies  that  the  inclusion  of  Vj  in  VJ1  can  not  be  a  strict  inclusion,  because 

their  dimension  over  F  is  the  same.  ■ 

Corollary  3.5.2  For  each  i,  d{  =  d{<  and  n,  =  n,/. 
Lemma  3.5.3  // <p  €  Cgl(V)(<7)  then  Vnp  =  V;  for  all  i. 

Proof:  For  all  1  <  t  <  t  and  v  e  V,  vtpfi(g)  =  v  fi{g)y  =  0<p  =  0,  hence  Vi<p  <  Vi. 
And  equality  holds  because  <p  is  non-singular.  ■ 

Lemma  3.5.4  Let  <p  £  Endp(V). 

•  IfV<p<Vi  then  ©J#t,  Vj  <  ker(r(v?)). 

•  //  V<p  =  Vi  then  ©      Vj  =  ker(rM). 

•  V(Bj*i  Vj  <  kerM  then  Vr{<p)  <  Vv. 

•  //©;*  »5  =  ker(^)  toen  Vr(^)  =  ty. 
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Proof:  If  Vtp  <  Vi  then  0i#t,  V,  =  VJ1  <  (Vip)L,  so  v  G  0j¥,,  V,  implies  that 
B(w,  vr(ip))  =  B(w<p,v)  =  0  for  all  w  G  V.  That  is,  v  G  ker(r(<^)).  This  shows  that 
®;*'  Vi  <  ker(r(^)). 

If  V<f  =  K  then  by  the  above  argument  0^,  Vj  <  ker(r(y?))  and  equality 
must  hold  because 

dim0  V3  =  d  -  dim  Vv  =  d  -  dim V  = 

if 

=  d  —  dim V(fii  =  dimker(<^,)  =  dim ker(r (<,(?,))  . 

If  ®^,^'  <  Mv)  then  for  all  u  G  V  and  «;  €  0j¥,  ^j,  B(vr(v?),to)  = 
B(v,w<p)  =  B(v,0)  =  0,  so  vr(tp)  €  (0,.^  V^)"1  =  ty.  That  is,  Vr(<p)  <  V*. 

If  0j¥>.  Vj  -  ker(v?)  then  by  the  above  argument  Vr(<p)  <  V?  and  equality 
must  hold  because 

dim  Vr(ip)  =  dim  V<p  =  d  —  dimker(<£>)  = 

d  -  dim  0  Vj  =  dim  K  =  dim  Vv  . 
This  completes  the  proof.  ■ 

Lemma  3.5.5  For  each  1  <  »  <  t,  r(7r,)  =  7rt/. 

Proof:  First,  r(7r,)r(7Ti)  =  t(7t?)  =  r(7r.)  so  t(7t,)  is  a  projection.  Then  from  the 
previous  lemma,  ker(r(7r,))  =  0j^,/  Vj  and  W(7r,)  =  Vi>,  so  r(7T,)  =  7r,/.  ■ 

Definition  3.5.6  For  each  1  <  i  <  t  define  a  map 

n  :  EndF(V)  -*  EndF(Vi.) 

as  follows.  Suppose  ip  G  £Wp(K)-  T/ien  k,(v?)  G  £Wf(V/)  as  described  in  the  begin- 
ning of  this  section  and  by  Lemma  3.5-4,  07=4t'  Vj  <  ker(r(/c,(yj)))  and  Vt(k,(<£>))  < 
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Vy.  Therefore,  r(«,(</?))  €  /c,/(£Wf(K'))  an^  we  define  n(<p)  to  be  the  unique  element 
of  Endp(Vii)  with  the  property  that 

It  is  easy  to  see  that  t,  is  an  algebra  anti-isomorphism  from  to  Endp(Vi'). 

Lemma  3.5.7  If<p€  End?(V)  and 

t 

V  =  ©  W 

where  <pi  €  End?(Vi)  for  all  i  then 

=  ©rf(v>,). 
1=1 

Proof:  ip  =  0|=1  fi  means  that  </?  =  X)i=i  K«(Vt),  therefore 

t 

i=i 

i=i 

< 

=  ©n(v>.) 
t=i 

as  stated.  ■ 

Lemma  3.5.8  For  each  i,  r,  and  T{>  are  inverses  of  each  other. 
Proof:  For  any  p  G  EndF(K), 

KtMniv)))  =  T(Ki(Ti(<p))) 

=  t(t(k,/((^))) 

and  therefore  Tj'(T,(<^))  =  y>.  This  shows  that  t,<t,-  =  ly;,  and  a  similar  argument  can 
be  used  to  show  that  t,t,/  =  ly:,.  ■ 
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Lemma  3.5.9  For  each  i,  r,(F,)  =  F,». 

Proof:  Recall  that  F,  =  C YAutF<a)(V;))  U  {0}.  It  is  easy  to  see  that  r%  maps 
AutF(a)(Vi)  to  AutF(3)(K/)  (and  the  reason  for  this  is  simply  that  r,  maps  EndF(s)(K) 
to  EndF(fl)(V;')  and  does  not  change  the  rank  of  a  linear  transformation).  And  the 
restriction  of  r,  to  AutF(a)(V;)  is  a  bijective  map,  since  we  proved  it  in  the  previous 
lemma,  that  T{  has  an  inverse.  Hence  r,  must  map  the  center  of  AutF(p)(K)  into  the 
center  of  AutF(3)(V;/).  ■ 

Lemma  3.5.10  If  i  €  /  then  Ti\Fi  €  Gal(Fi\Fq).  Furthermore,  if  i  €  h  and  B  is  a 
symplectic  form  then  Tjfjij  is  the  identity  element  of  Gal(Fi\Fq)  and  in  any  other  case 
Tilfi  is  the  unique  involution  of  Gal(Fi\Fq). 

Proof:  Recall  that  F  =  F,  if  B  is  a  symplectic  form,  and  F  =  F,2  if  B  is  a  unitary 
form.  By  Lemma  3.5.9  r,  stabilizes  F,  if  i  G  F  We  also  need  to  prove  that  inside  F, 
Ti  fixes  F,  elementwise.  If  a  G  F,  then  T(aip)  =  a,r(<^>)  for  any  tp  £  EndF(V),  and 

Ti(a)  =  r,(alVi)  =  K^1(r(/c,(alVi)))  =  /c,~1(r(aK,lV;))  = 

=  /ct"1(r(a7r,))  =  Ki,l(a9nii)  =  ctqlVi,  . 

This  shows  that  the  restriction  of  r,  to  F,  leaves  Fq  elementwise  fixed  in  F,  whenever 
i  =  i'.  And  since  r,  is  an  algebra  anti-isomorphism,  its  restriction  to  any  cyclic  group 
is  a  group-isomorphism,  thus  t^F;  is  a  field-automorphism  of  F,. 

According  to  Lemma  3.5.8,  =  lyi5  so  r,|jr.  can  be  only  either  the  identity 
element  or  an  involution  in  Gal(F,|F9).  Since  <7|v;  £  F,,  the  first  case  would  imply 
Ti(9Wi)  =  5r_1|v;  =  g\v, i  that  is  g2  =  1  on  VJ,  which  means  that  /,-(x)  divides  x2  —  1 
and  therefore  i  6  /i.  This  shows  that  r,-^  must  be  an  involution  (and  therefore  the 
unique  involution)  in  Gal(F,|Fg)  whenever  i  €  72-  Also,  if  is  a  unitary  form  and 
F  =  Fq2,  then  as  we  saw  above,  r,-  acts  as  a  conjugation  on  F,  so  rt-|js;  can  not  be  the 
identity  element  of  Gal(F,|F9). 
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On  the  other  hand,  if  i  6  h  and  B  is  symplectic  then  Autp(V^)  =  GL(VJ)  and 
Fi  ~  F„  so  actually  the  Galois  group  Gal^F,)  is  trivial.  This  completes  the  proof. 
■ 

Definition  3.5.11  For  each  1  <  i  <  t  define  a  form  B{  as  follows: 

Bi-.VixVp  — >  Fi 

[U,V)  I — > 

Y  B(u\-\v)X  . 

Also,  let  Tr,  :  F, ;  — >  F  be  the  trace  map: 

mi  — 1 

7h(A)  =  JT  V*  ■ 

Lemma  3.5.12  For  any  1  <  i  <  t  and  u  €  V{,  v  €  Vi>, 


Trt(Bi(u,v))  =  -B{u,v) 


Proof: 


TviiB^v))   =    Y  B(uX-\ v)Tn(X) 
=  B(uX-lrrti{X)tv) 


and 


m,  —  1 

£  A-Tr,(A)  =  £  £  A''"' 
Ae^;*  Aei7;*  fc=o 

mi  — 1 

=  EE**-' 


h=0  AeF* 


=  -1 

since  for  any  field  F  and  for  any  non-negative  integer  5, 

E |  —1,     if  |F|  —  1  divides  s; 
~~  I  n 

Aef* 


0,  otherwise. 


This  completes  the  proof  of  this  lemma. 
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Lemma  3.5.13  5,  is  a  non-singular  bilinear  form  on  V  x  Vj». 

Proof:  Since  B  is  non-singular  and  =  ®J?ti  Vj  by  Lemma  3.5.1,  for  any  u  <E  V 
there  must  be  a  v  e  Vy  such  that  B(u,v)  ^  0.  Then  by  the  previous  lemma, 
Bi(u,v)  ^  0.  Similarly,  for  any  v  €  Vv  there  is  a  u  €  V  with  Bi(u,v)  ^  0  and  this 
shows  that  B{  is  non-singular.  The  additivity  of  J5,  in  both  variables  is  quite  obvious. 
Finally,  if  it  €  Vi,  v  €  V?  and  fi  €  F,  then 

Bi(ufi,v)   =    ^  £?(u//A_1,  u)A 

=  ^B(u(^A-1),u)(A//-1V 

A€f? 
=  Bi(u,v)fi 

with  a  change  of  variable  from  A  to  A//-1.  ■ 

Lemma  3.5.14  For  any  1  <  i  <  t,  u  e  Vi,  v  G  V?,  and  for  any  <p  G  Endp^Vi), 

Bi(wp,v)  =  Bi(u,VTi((f))  . 

Proof:  Since  <p  is  an  F(#)-module  endomorphism  of  V^,  tp  commutes  with  any  A  in 
Fi,  and  then 

Bi(u,vTi(<p))  =  J^BiuX-^vTii^X 

=  ^5(UA-1,Ur(/c,(^)))A 
=  B(u\-\t(<p),v)\ 
=    Y,  B(uX-l<p,v)\ 

=  Bi(utp,v) 

as  we  wanted.  ■ 
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Lemma  3.5.15  Suppose  i  €  /  and  <p  €  Endr(g)(Vi).  Then 

<pei(V„Bt)*=>Tt(<p)  =  <p-1 

Proof:  This  is  an  immediate  corollary  of  the  previous  lemma.  ■ 

Lemma  3.5.16  For  all  1  <  i  <  t  and  u  €  Vi,  v  €  Vi< 

r,  I  —  Ti(Bi(u,  v)),     if  B  is  a  symplectic  form; 

I  Ti[Bi(u,  v)),        if  B  is  a  unitary  fom. 


Proof: 


Bi>(v,u)   =    ^2  B(v1  1»wh 
ieF', 

=  Biy.uTi^Y1)^ 

=  n^B^uX-yx) 


—Ti(Bi(u,v)),     if  B  is  a  symplectic  form; 
Ti[Bi(u,  v)),       if  B  is  a  unitary  fom. 

Here  we  used  the  fact  that  r,(a)  =  a'  for  any  a  €  F  (for  details,  see  the  proof  of 
Lemma  3.5.10).  ■ 

Theorem  3.5.17 

\ci(v,B){g)\ = niw-.soi  •  [ni^wMi]*  • 

•*€/  iej 
Proof:  Suppose  ip  6  C7(k,b)(<7)-  Then  by  Lemma  3.5.3 

t 

V  =  0  fi 
t=l 

with  some     €  Autp(3)(K)  and  then  by  Lemma  3.5.7 


j=i 
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Now  <p  is  in  I(V,  B)  if  and  only  if  r(ip)  =  <p  1  which  is  the  same  as  saying  that  for 
all  1  <  *  <  i 

If  i  €  J  then  this  condition  means  that  ifi  €  AutF(ff)(K)  can  be  chosen  in  any  way  and 
<£>,/  is  then  uniquely  determined  by  ifi.  And  if  i  €  J  then  </?,  has  to  satisfy  the  property 
Ti(ifii)  =  <y?~x,  which  is  equivalent  to  saying  that  €  I(Vi,Bi)  (see  Lemma  3.5.15). 
■ 

Definition  3.5.18  Define  a  positive  real  number  p(Vi,B,g)  for  each  1  <  i  <  t  as 
follows.  If  B  is  a  symplectic  form  and  i  €  h  then  let 


p(Vi,B,g)  =  q*    n  (^i) 


l<jfc<n, 
fc  even 


If  B  is  a  symplectic  form  and  i  €  h  then  let 

p(Vi,B,g)  =  ]l(l-{-^A 
If  B  is  a  symplectic  form  and  i  €  J  then  let 

,(v^)=[n(i--^y 
k=i  h 

If  B  is  a  unitary  form  and  i  €  /  then  let 

,(K,B,9)=n(i-^) 


And  finally,  if  B  is  a  unitary  form  and  i  6  J  then  let 

n, 


[ft  (1-4*)]' 

Jt=l  H 


Theorem  3.5.19 


\Ci(V,B)(g)\  = 


-  ^2  m  n2 

q2 1=1     '  .  Yll=i  p(Vi,  B,g),     if  B  is  a  symplectic  form; 
t 

,9'=1       '  IL=i  P\Yii  B,g),       if  B  is  a  unitary  form. 
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Proof:  If  B  is  a  symplectic  form  and  i  €  h  then  r,  acts  trivially  on  and  by 
Lemma  3.5.16  B{  is  a  symplectic  form  on  V;.  Then  it  follows  that 


|/(V5,B.-)I   =  IW<?)I 

=  &  n  04) 


Q 

l<fc<n, 
k  even 

=  q4p(VhB,g). 

Notice  that  in  the  above  case  m,  =  1  so  we  could  say 

\I(Vi,Bi)\=q^p(Vt,B:g). 

If  B  is  symplectic  and  i  €  I2  then  r,  acts  as  conjugation  on  F,  and  if  we  fix 
an  element  S  €  F,  such  that  £  =  8'1  then  by  Lemma  3.5.16  8Bi  is  a  unitary  form  on 
V|,  and  therefore 

=  \mSBi)\ 

=  \GVni(qmi)\ 


r=  i v    9 2  y 

=    q^-p(Vi,B,g)  . 


Also,  if  B  symplectic  and  i  €  J  then 


|AutPW(V5)|*   =  |GL„,(^)I^ 

=  ^[n(1-^)]2 


k=l 

=  q-^p{Vi,B,g) 


Combining  the  above  results  with  Theorem  3.5.17  we  get  that 

|C/(v,B)(y)|  =  ^'-m'n*  -l[p{VuBtg). 
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The  other  result  for  the  case  when  B  is  a  unitary  form  can  be  proven  by  the  same 
way,  first  noticing  that  Bi  is  a  non-singular  unitary  form  on  V{  by  Lemma  3.5.16  for 
each  i  (E  /  and  then  combining  this  fact  with  Theorem  3.5.17.  ■ 


CHAPTER  4 

FIXED  POINT  RATIOS  ON  THE  COSETS  OF  EXTENSION  FIELD  TYPE  SUBGROUPS 

4.1    Notations  and  Some  Technical  Lemmas 

Throughout  the  rest  of  this  paper,  we  will  use  the  following  notations.  Suppose 
G  is  a  finite  group,  H  is  a  subgroup  of  G  and  g  €  G.  By  N(G,  H,g)  we  will  denote 
the  number  of  conjugates  of  H  in  G  that  contain  g,  n(G,  H,g)  will  denote  the  ratio 
of  the  fixed  points  of  the  action  of  g  on  the  right  cosets  of  H  and  C(G,  H,g)  will  be 
the  set  of  elements  of  H  which  are  conjugate  to  g  in  G. 

Lemma  4.1.1 

N(G,H,g) 


KG,H,g)  = 


\G:NG(H)\  • 

Proof:  The  number  of  fixed  points  of  the  action  of  g  on  the  cosets  of  H  is 

€  G  |  Hxg  =  Hx}\  =  ±\{x  €  G  \  xgx'1  e  H}\  = 

-  G  G\ge  x~'Hx}\  =  JL  .  jV(G,ff,flO  •  |JVtfH)|  . 

To  get  the  ratio  of  the  fixed  points,  we  have  to  divide  this  number  by  \G  :  H\,  which 
gives  us  \W.N(G,H,g).  m 


Lemma  4.1.2 


N(r  „    ,  \CG(g)\-\C(G,H,g)\ 

(G'  '9)  =  \MH)\  

\CG(g)\-\C(G,H,g)\ 


»(G,H,g)  = 


\G\ 


Proof: 


N{G,H,g)-\Na{H)\  =  \{xeG\geH*}\ 
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=  \{x  eG\gx  €  H}\  =  \Ca(g)\  ■  \C(G,H,g)\  , 
and  the  second  statement  follows  from  this  and  Lemma  4.1.1.  ■ 
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Lemma  4.1.3  Let  gi,gj,  •  •  ■  ,gk  be  representatives  of  the  conjugacy  classes  of  H 
which  are  conjugate  to  g  in  G.  Then 

(a)  N&>E>9)-mm'u i^k^)T - 


(b)      »(G,H,g)  =  ^-j2 


\Ca(g)\ 
\G\  ^\C„(gi)\' 

Proof:  Using  the  previous  lemma, 

\Ca(g)\.\C(G,H,g)\  _ 


N(G,H,g)  = 


\NG(H) 


\Ca(g)\    ^     \H\  \H\      A  \CG(g)\ 


\NG(H)\   ^  \CH(g,)\     \NG(H)\   ^  \C„9i\  ' 
and  the  statement  for        H,g)  now  follows  from  Lemma  4.1.1.  ■ 

Now  we  prove  a  few  elementary  facts  about  numbers  that  we  will  need  later 
in  this  chapter. 


Lemma  4.1.4  For  any  prime  power  q  and  positive  integer  n, 

<«>  n(i-?)>5Ef. 

k=\      *  * 

w  n(i-?)>i- 

Proof:  One  can  easily  show  by  induction  on  n  that  YYk=i  —  ^)  —  1  ~  Y^=i 
and  therefore 

n(i-?)»-f?->-jrr-*Ei- 

fc=i      ^         k=i  *        *  ■* 
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This  proves  also  (6),  except  when  q  —  2.  For  q  =  2: 


fc=l  fc=2  fc=2 

Part  (c)  is  trivial. 


Lemma  4.1.5  For  any  prime  power  q  and  integer  r  >  2, 

/gr-2y-»  >  l 

Vg-  -  1/  "2* 

Proof:  Since  for  any  fixed  r,  (4zf)  is  an  increasing  function  of  q,  it  is  sufficient  to 
prove  the  statement  for  q  =  2.  In  that  case, 

'2r  -  2\  r-1       ,  /2r_1  -  ly-1 


so  it  is  enough  to  show  that 

2r  -  1  /  V1 


V2'-i  -  1/         V      2r-1  -  1/ 
Rewrite  the  left  hand  side,  by  using  the  binomial  coefficients,  so 

(2r-i  _  i)     =  2r_1  +  E(  i  )  (2-1  -  iy 


r  —  1 


< 


«  =  1        X  7 

=  2r~l  +  (2r"1  -  1)  =  2r  -  1<  2r  , 


as  wanted.  ■ 

4.2    Case  I:  p'-Elements  Centralizing  an  Extension  Field 

Suppose  V  is  a  vector  space  of  dimension  d  over  F,,  which  is  also  a  vector  space 
of  dimension  -  over  F9r  with  r  being  a  prime  divisor  of  d.  To  avoid  confusion,  we  will 
denote  V  by  V  when  we  consider  it  as  a  vector  space  over  F,r.  Let  G  =  GLp,(V), 
H  =  GLpqr(V)  and  g  6  H  \  Z(G)  an  element  of  order  o  with  gcd(o,p)  =  1. 
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Following  the  notations  of  Section  3.5,  let 

i 


i=i 


be  the  decomposition  of  the  polynomial  i"  —  1  into  irreducible  factors  over  F,r  and 
for  each  1  <  i :  <  t,  let 

Vt  =  {veV\vfi(g)  =  0}. 

Furthermore,  let  rf,  be  the  dimension  of  K  over  F,r,  let  m;  be  the  degree  of  /,(x)  and 
let  n,  be  the  number  of  direct  summands  in  a  decomposition  of  Vi  into  a  direct  sum 
of  irreducible  F,r  (^-modules.  So  di  =  m,n,  for  all  1  <  t  <  t,  Y?i=i  m»"n«  =  r  an<* 

v  =  Vi  ©  v2  e  •  •  •  e  Vt  ■ 

Define  an  equivalence  relation  on  the  set  {1,2, .. .  ,t}  by  saying  that  i  ~  j  if 
fi(x)  and  fj(x)  are  conjugate  polynomials  over  F9.  Clearly,  every  equivalence  class 
under  this  relation  has  cardinality  1  or  r.  Let  {£,  1 1  <  j  <  s}  be  set  of  equivalence 
classes  with  cardinality  r,  and  B  =  (J*=1  £j,  -4  =  {1, 2, . . .  ,t}\B.  So  for  any  i,  i  €  A 
if  fi(x)  G  Fq[x]  and  i  G  B  if  /,(x)  ^  F,[x].  For  1  <  j  <  s,  we  will  use  the  notations 

m(j)  =         for  any  i  €  tCj  , 

and  =  0  V \. 

ieic, 

Notice  that  for  any  i  €  A,  K  =  ;  is  a  direct  sum  of  rn,  isomorphic  irreducible 
F,  (<7)-modules  of  dimension  m,  over  F9,  and  for  any  1  <  j  <  s,  V(j)  is  a  direct  sum  of 
n(j)  isomorphic  irreducible  F?(<7)-modules  of  dimension  rm(j)  over  F9.  Furthermore, 
if  W\,  W2  are  isomorphic  irreducible  direct  summands  of  the  F9(<7)-module  V,  then 
either  W\,  W2  <  K  for  some  i  G  A  or  Wi,  W2  <  V(j)  for  some  1  <  j  <  s. 

If  g  €  H  is  an  other  element  with  order  o,  and  we  define  the  numbers  n, 
(1  <  i  <  t)  and  n(j)  (1  <  j  <  s)  as  we  defined  nt-  and  n(j)  for  p,  then  the  necessary 
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and  sufficient  condition  for  g  and  g  to  be  conjugate  to  each  other  in  H  is  that  r»j  =  n, 
for  all  1  <  i  <  t.  Furthermore,  the  necessary  and  sufficient  condition  for  g  and  g  to 
be  conjugate  in  G  is  that  n;  =  n,  for  all  i  €  A  and  n(j)  —  n(j)  for  all  1  <  j  <  s. 
This  means  that  with  the  notation 

r 

Sr(n)  =  {(ni,  n2, . . .  ,  nr)  €  Zr  |  0  <  n,-  for  all  «'  and    V*  n,  =  n} 

there  is  a  bijection  between  the  elements  of 

Sr(n(l))  x  5r(n(2))  x  . . .  x  Sr(n(s)) 

and  the  conjugacy  classes  of  H  which  fall  into  the  conjugacy  class  of  g  in  G. 

Then  by  Lemma  4.1.3  and  using  the  fact  that  \NG(H)  :  H\=r,  we  have  that 


rrf      y       'GL"Q)^rm(J))l  I  (4i) 

that  is, 

^rik^  n  ('-=)]• 

l<fc<rn,  ^ 
rffc 

*     r  0rm(i)n(j)2  rin(j)   1  \ 

j=l     (n1,fi2,..,nr)€5r(n(j))  Hi-1  «             Ulfc=l  ^  7^J>»J 

Our  goal  is  now  to  give  an  upper  bound  to  the  right  hand  side  of  (4.2)  with 
using  only  the  variables  d,  r  and  q. 

Lemma  4.2.1  If  m,n  are  integers  with  n  >  0  and  m  >  1  then 

«('j-r,m"1  n  (i  -  4)  <      n  o-i). 

l<fc<rn  *  \<k<rmn  ^ 

r^k  r^k 
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Proof:  If  n  =  0  or  if  m  =  1  then  equality  holds.  If  n  >  0  and  m  >  2  then 
(r2  -  r)(m2  -  m)n2  >  4,  so 

?(r2-r)mn2  <  ?4  .  ?(r2-r)m2n2 

while 

n  (>-ia)^  -  n  (>-?)^4 

Kfc<rn  ^  KKrmn  1 

"rfifc  rft 

by  Lemma  4.1.4.  ■ 

Lemma  4.2.2  7/m,n  are  integers  with  n  >  0  and  m  >  2  £/ien 

n  (i--^)^,'^^-'  n  (i-i). 

l<fc<rn  ^  KKrmn 

except  when  m  =  2  an<f  n  =  1 . 

Proof:  If  n  =  0  then  equality  holds,  so  from  now  we  will  assume  that  n  is  positive. 
As  in  the  proof  of  the  previous  lemma, 

n  (i-^1  -  n 

l<k<rn  *  \<k<rmn  1 

so  it  is  sufficient  to  show  that 

(r2  —  r)mn2  <  (r2  —  r)(m2n2  —  mn)  —  2  . 
This  inequality  is  equivalent  to 

2  <  (r2  —  r)mn(mn  —  n  —  1) 
and  this  is  clearly  true  whenever  m  >  3  or  m  =  2  and  n  >  2.  ■ 

Lemma  4.2.3  If  n  =  1  and  m  is  any  positive  integer  then 

<r"'  uu  (i  -  =±0 


=  r 
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=  1 


Proof:  For  any  (ni,n2,. . .  ,nr)  €  Sr(n),  n,  =  1  for  some  1  <  i  <  r  and  nj  =  0  for 
all  j  ^  i,  and  therefore 

Qrmn2  ill  (i  -  ^f) 

And  of  course,  |»Sr(n)|  =  |<^r(l)|  =  r.  ■ 

Lemma  4.2.4  If  n  =  2  and  m  is  any  positive  integer  then 

Proof:  For  any  (nx,n2, ...  ,nr)  €  Sr(n(j)),  either  n,  =  2  for  some  1  <  i  <  r  and 
hj  =  0  for  all  j  ^  i,  or  n,  =  n j  =  1  for  some  1  <  i  <  j  <  r  and  hi  —  0  for  all 
/  ^  {i,j}-  In  the  first  case, 

9rm-2  n*»,  (i  -  M 


and  in  the  second  case 


1  , 


This  completes  the  proof  of  this  lemma. 


Lemma  4.2.5  If  m,n  are  integers  with  m  >  1,  n  >  0,  an<f  r  =  2,  £/ien 

(«„«a,....«r)€5r(«)  nLi  9rmn2  (n*Li  (i  - 


110 


Proof:  In  this  case,  Sr(n)  =  S2(n)  =  {(i,n  -  i)  €  Z2  |  0  <  i  <  n},  so 

?rmn2n(i-^)      -  n  (i-A) 

 fc=l   _  ^m(na-t2-(n-i)2)  jjfW  

(•.^.....m^w  n  9rmn?(  ft  (i  -  tW)     *=°  ff  (1  -  ?W 

i=l  fc=l  Jb=l 

4mi(n-i)  ^=,+1  (j  ~  ggj 

,=o  11^=1  (1  -  psr) 

mn2 

^  9„mn2+2 


<  g 


fc=0 
mn2+3 


as  we  wanted.  ■ 


Lemma  4.2.6  For  any  integers  m,n  with  m  >  1  and  n  >  0, 

V  qFmn  ^k=1  -  ~  ^      <  0('-2-'-)'"2"2    TT    (l  -  -) 

(n,,n2  nr)G5r(n)  11«=1  9  UlfelV1  l<*<rmn  * 

rflc 

Proof:  Since  on  the  left  hand  side, 

nLi  (i  ~  ^)     nLn!+i  (*  ~  t^t)  <    i  < 

for  any  (ni,n2, . . .  ,nr)  €  <Sr(n)  (by  using  Lemmas  4.1.4  and  4.1.5),  and  on  the  right 
hand  side, 

n  (i-i)*? 


1  <Krmn 


the  inequality  in  the  statement  of  this  lemma  certainly  holds  whenever 


_rmn2 

(n1,n2,...,fir)€5r(n)  A1«=l  V 

And  since  X)i=i  **i  -  7"  ^or  am/  (**i,«2>««'  >«r)  €  Sr(n)  and  |<Sr(n)|  =  ("^l^1)  — 
2n+r-2  <  9"+'-2;  equation  (4.3)  is  true  if 

^n+r_2  _  qrm(n2-4)  .      <  9(r2-r)m2n2-2 


Ill 


that  is, 

n  +  r  +  (r  —  l)mn2  <  (r2  —  r)m2n2  . 
Dividing  through  by  (r2  —  r)m2n2,  this  inequality  is  equivalent  to 

1  1  1 


(r2  —  r)m2n  (r  —  l)m2n2  rm 
By  simple  calculations,  it  is  easy  to  check  that  this  inequality  holds  if  m  >  2  or  if 
m  =  1  and  r  +  n  >  5.  This  proves  the  lemma,  except  for  the  cases  when  (m,  n,  r)  = 
(1,1,2),  (1,1,3),  or  (1,2,2). 

If  m  =  n  =  1,  then  we  refer  to  Lemma  4.2.3,  according  to  which  it  is  enough 
to  show  that 

r<r-^""  n  (i-?H(''-p,n(i-?)- 

KKrran  y  k=l  * 

For  r  =  2,  the  right  hand  side  is  equal  to  q2(l  —  ^),  which  is  always  at  least  2,  and  if 
r  =  3,  then  the  right  hand  side  is  <?6(l  -  *)(l  -  4),  which  is  bigger  than  g4,  so  also 
bigger  than  3. 

Finally,  if  (m,n,r)  =  (1,2,2)  then  because  of  Lemma  4.2.4,  it  is  sufficient  to 
show  that 

2+?<(i+i)<9<— ■  n 

*  l<k<rmn  *  l<k<4  * 

This  is  another  obvious  inequality  for  any  q.  ■ 

Lemma  4.2.7  For  any  positive  integers  m,n  «n'£/i  mn  >  2, 

E°rmn    IIfc=l  C1  ~  gr^r)  (r2-r)(m2n2-mn)       TT       A  _  M 

(n,,n2,...,nr)e5r(n)  Ai«'=l  V  Wl^lV1  KKrmn  ^ 

except  when  (m,n,r)  =  (1,2,2),  in  which  case 

^2  ^  -  ~  «^       =  2  +  g2  +  g4 

(•Lib  nr)€5r(n)  ^  (  Iltel  (*  "  ^)) 
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Proof:  By  using  the  same  line  of  reasoning  we  started  the  previous  lemma  with,  the 
inequality  in  the  statement  of  this  lemma  holds  whenever 


_rmn2 

V   2  •  q  <  9("2-'-)(-2"2-"1")-2  .  (4.4) 

(n,,fi2,...,nr)G5r(n)  H«=l  H 

Using  the  upper  bounds  n2  -  ^  for  n2  -  £-=1  n?  and  9n+r-2  for  |5r(n)|  =  ("J^1), 
the  inequality  (4.4)  is  true  if 

n  +  r  +  (r  -  l)mn2  <  (r2  -  r)m2n2  -  (r2  -  r)mn  . 

By  rearranging  this,  we  get 

1  1  |    1      J_  <  l 

(r2  —  r)m2n     (r  —  l)m2n2     rm  mn 

It  is  easy  to  check  that  this  inequality  holds  whenever  ra  >  3  or  m  =  2  and  n  >  2, 
or  m  =  2  and  r  >  3.  It  also  holds  if  r  >  3  and  n  >  3,  or  if  at  least  one  of  them  is 
greater  than  3.  Hence  there  are  only  a  few  cases  left  to  check,  namely  those  when 
(m,n,r)  =  (1,2,2),  (1,2,3),  (1,3,2)  or  (2,1,2). 

If  (m,  n,  r)  =  (1, 2, 2)  then  by  Lemma  4.2.4, 

(ni,n2,.--  ,>v)€«Sr(n)  •  1  \         q  // 

=    2  +  q2  +  q4. 

If  (m,n,r)  =  (1,2,3)  then  by  Lemma  4.2.4  it  is  enough  to  check  that 

3 + 3/(1 + 1)  <        n  (i  -  i) = «"  n  (>  -  i)  • 


KKrmn  *  1<*<6 


which  is  clearly  true. 
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If  (m,  n,  r)  =  (1, 3, 2)  then  5r(n)  =  52(3)  =  {(0, 3),  (1, 2),  (2, 1),  (3, 0)}  and 


3 


<f™2  n  a  -  M  918  n  (i  - 

E  t:   =  2  +  2 


(*„«,,...,*,)€*<»)  n  9rmfi?(  ri  (i  -  ?w)        ?10  n  (i  -  ^)  n  (i  -  ^r) 

i=l  k=l  k=l  k=l 

=  2  +  2'8(1  +  ?  +  ?)- 

On  the  other  hand, 

s",-"<"w-»>  n  0-iH12  n  (»-?)• 

KKrmn  ^  1<A:<6  * 

so  the  statement  of  this  lemma  holds. 

Finally,  if  n  =  1  then  by  Lemma  4.2.3,  this  lemma  is  true  if 

KKrmn  "  KKrra 

which  holds  whenever  m  >  2.  ■ 

Theorem  4.2.8  Suppose  G  ~  GLd(q)  and  GLd(qr)  ~  H  <G  for  some  prime  divisor 

r 

r  o/  d,  and  g  £  H  is  a  p' -element,  which  is  not  in  the  center  of  G.  Furthermore, 
assume  that  r  /  d.  Then 

N(G,H,g)<\<f '-*-«""  II  (»"?). 

Kk<d  H 

except  when 

A  1  r_1  1 

(a)  2  ^  r  =  -  ,  in  which  case  N(G,  H,g)  <  -g2r(r-1)  JJ  (l  -  ; 

d  <^  -f-  ^ 

(b)  2  =  r  =  —  ,  in  which  case  N(G,  H,  g)  <  1  H  —  . 
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Proof:  Using  Lemmas  4.2.1  and  4.2.6  for  equation  (4.2),  we  have 


iv(G,ff,S)<in[?(ri-'w"i  n  o-?)]- 

i€A  l<k<rmim 

f[[r-^'  n  0-?)] 

j=l  l</fe<rm(j)n(j)  * 

rffc 

<  I9E,^('-2-'-)m?n?+E;=1(r2-r)mO)2nOr  JJ  ft  _  . 

rfft 

Now,  X^ie>*  m,n«  +  Sj=i  m(i)n0)  =  r '  an(*  ^  at  ^east  two  summan<ls  m  this  sum  are 
non-zero,  then 

+  £m(j)°„0)J  <(; -     +  1  =  ^-  7  +  2 

and 

«(o,«.f)  <  v-"<£-"«>  no-?) 

i<Jt<d  y 

=  y-^"->  no-?) 
<    -*-»  no-?)- 

We  still  have  to  consider  the  two  cases:  when  d  =  rm,n,  for  some  i  £  A  or  d  = 


rm(j)n(j)  for  some  1  <  j  <  s. 

Suppose  d  —  rm,n,  for  i  6  -4-  Then  m,  >  2  because  y  is  not  a  central  element 
in  G,  and  by  Lemma  4.2.2,  the  statement  of  this  lemma  is  true  except  when  nj  =  1 
and  m,  =  2.  In  that  case,  by  equation  (4.2), 

««.9)=V"-"  n  o-s)- 

l<*<r-l  V 

Finally,  suppose  that  </  =  rm(j)n(j)  for  some  j.  Then  by  Lemma  4.2.7, 

N(G,H,9)<l-r-^  n  O-?)^"-4-"""  no-?). 
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except  when  (m(j),  n(j),  r)  =  (1,2,2),  in  which  case 

1 


N(G,H,g)  =  ^(2  +  q>  +  q4) 


This  completes  the  proof. 


Theorem  4.2.9  Suppose  G  ~  GLd(q)  and  GLd(qr)  ~  H  <  G  for  some  prime  divisor 
r  of  d,  and  g  £  H  is  a  p' -element,  which  is  not  in  the  center  of  G.  Furthermore, 
suppose  that  r  ^  d  and  g  is  not  conjugate  to  any  element  in  NG(H)  \  H.  Then 


fi(G,NG(H),g)  <  -jfjig  > 


except  when 


(a)         2^r  =  -  ,  in  which  case  n{G,NG{H),g)  <  JJ      .    *  x  ,  ; 

9  Kk<2r     \  P) 

gcdft,2r)=l 

(6)         2  as  r  =  -  ,  in  which  case  /z(G,  NG(H),g)  <  i)  ' 

Proof:  Since  by  our  assumption,  g  is  not  conjugate  to  any  element  in  NG(H)  \  H, 
N(G,  H,g)  =  N(G,  NG(H),g).  By  Lemma  4.1.1, 

p{G,NG(H),g)  =  ^-±^N(G,Na(H),g) 


and  by  an  easy  calculation, 


iG:*cWi=i./-£  n  C1-?)- 

Kk<d  H 
-r\k 

Now  everything  follows  from  the  previous  theorem.  ■ 

Lemma  4.2.10  Suppose  G  ~  GLd(q),  d  is  a  prime  number,  GLi(qd)  ~  H  <  G,  and 
g  G  H  is  a  p' -element,  which  is  not  in  the  center  of  G.  Furthermore,  suppose  that  g 
is  not  conjugate  to  any  element  in  NG(H)  \  H.  Then  N(G,  NG(H),g)  =  1. 
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Proof:  In  equation  (4.2),  1  =  *  =  £t(M  m,n,  +  EJ=i  m(j)nU)-  Since  9  t  Z(G),  this 
can  only  happen  if  1  =  m(j)n(j)  for  some  1  <  j  <  s  and  n(l)  =  0  for  all  /  ^  j  and 
m  =  0  for  all  i  €  A.  Then  by  equation  (4.2)  and  Lemma  4.2.3,  N(G,NG(H),g)  = 
N(G,H,g)  =  l.  m 


Next,  let  B  :  V  x  V  ->  F,  be  a  non-singular  symplecticform  on  V,  Gi  ~  Spd(g) 
be  the  isometry  group  of  (V,  B)  and  Hi  —  HC\Gi.  Assume  that  Hi  contains  a  Singer 
cycle  of  Gi  and  g  €  H\.  From  Chapter  2,  we  know  that  Hi  is  the  isometry  group 
of  some  non-singular  form  B  on  V,  that  is  either  symplectic  or  unitary,  according  to 
whether  -  is  even  or  odd.  Notice,  that  if  B  is  unitary  then  r  =  2.  Furthermore,  for 
the  rest  of  this  section  we  will  assume  that  q  is  an  odd  prime  power. 

As  we  proved  in  Theorem  3.5.19, 


\CHl(9)\  =Uq*™in'P(V»B,g) 


i=l 


and 


s 


\CGl(g)\ 


where 


if  i  €  A  and  B  is  symplectic  ; 
if  i  €  ^2  an(l  S  is  symplectic  ; 
if  i  €  /  and  i?  is  unitary  ; 


if  i  e  J  ; 


(4.5) 


(4.6) 


otherwise. 


if  for  any  i  €  )Cj,  i'  6  /Cj  also  ; 


(4.7) 
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Recall  that  for  any  1  <  i  <  t,  i'  is  the  unique  number  between  1  and  t  such  that  the 
polynomial  xm' fi{x~l)  (or  the  polynomial  xmi  fi(x~l),  in  the  case  when  B  is  unitary) 
is  a  constant  multiple  of  fi'(x);  I  =  {i\i  =  i'},  J  =  {i  |  i ^  i'},  h  =  {i  \  fi(x)  =  x±  1} 
and  I2  =  I  \  l\ . 

As  in  the  GL  case,  the  conjugacy  class  of  g  in  Hi  is  characterized  by  the 
numbers  n,  for  1  <  i  <  t  and  the  conjugacy  class  of  g  in  G\  is  characterized  by  the 
numbers  n,  for  t  G  A  and  n(j)  for  1  <  j  <  s.  Therefore,  by  Lemma  4.1.3/(a), 


N(GUHU9)  <  -TTM(r2"r)m,n^(^g^)1 


where 


j=l     (n,,n2  nr)€5r(n(j))     llfal  « 


PO.»0=W    .    /  m|  (4-9) 

([mu(l-^)J 

Unlike  in  (4.2),  in  (4.8)  we  have  only  an  inequality,  because  we  may  not  need  to  use 
all  the  elements  of  the  sets  Sr(n(j))  (1  <  j  <  s)  to  cover  all  the  conjugacy  classes  of 
Hi  that  fall  into  the  conjugacy  class  of  g  in  G\. 

In  the  following  Lemmas  we  will  obtain  an  upper  bound  for  N(Gi,  H\,g)  using 
(4.8),  that  depends  only  on  d,  r  and  q. 

Lemma  4.2.11  (a)  If  B  is  symplectic  and  i  £  I\  then 

<■«*.*.*>  ~g2t>' 

(b)  If  B  is  unitary  and  i  6  I\  then 
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(c)  IfieAnI2  then 


p(Vi,B,g)  <1+1 


p(Vi,B,g) 

(d)  IfieAnJ  then 

P(V»B,9)  _  f   tt    A  _  J_\ 

(e)  IffCj  C  72  antf  (ni,n2, . . .  ,nr)  €  Sr(n(j))  then 

p(V(j),B,g) 

(f)  IflCj  C  J  and  (ni,n2,...  ,nr)  €  «Sr(n(j))  then 

Proof:  Parts  (a)  and  (</)  are  quite  straightforward  from  equations  (4.6)  and  (4.5). 

(b)  In  this  case  m,  =  1  and  r  =  2,  so  from  (4.6)  and  (4.5), 

(c)  Notice  that  in  this  case  m;  is  even.  By  (4.6), 

A:=  1  * 

and  by  (4.5), 

Mv:,B)9)  =  n(i-^)>i. 

fc=i  y 

(e)  By  equations  (4.7)  and  (4.9)  what  we  need  is  that 

/      (-i)k  \     r  n  /  \ 

11  i1  ~     ±rm(j)A:J  -  1111  i1  ~  ±rm(j)<J 
fc=l  y  1=1  jfc=l  1 

and  this  is  true  simply  because  for  all  positive  integers  /,  n  and  for  any  prime  power 
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(/)  By  equations  (4.7)  and  (4.9),  either 


p(V(j),B,g) 


rii=ip(i»  »o 


Fife!  (l   ~   0rm(j)*  ) 


< 


< 


2 


,  I 


2\r-l 


<  25 


(here  in  the  last  two  lines  we  used  Lemmas  4.1.4/(a)  and  4.1.5),  or  for  any  i  in  Kj, 
i'  is  also  in  AC,-,  in  which  case  r  =  2  (because  =  r  for  any  C  J,  and  the  above 
mentioned  condition  implies  that  \K.j\  is  even),  and  then 

TT»(j)  (l  _  izl)*  N 


p(V(j),B,g) 

If  n(j)  —  1  then  this  is  equal  to 

1  +  ^UT 


[l  - 


1  +  ^77 


IG7 


r9m^  +  l]5 


7m(j)  _  lJ  ' 


and  this  is  less  than  or  equal  to  [§^j] 2  =  \/2.  If  n(j)  >  2  then 


«0 


(-l)*x      ,       J_Wi      J_Ui  <  1   8  ?? 


fc=l 


3   9  27 


while 


2  n 


1         o2m0)_  2        32  _2  7 


'  1  i        nim\l)  9 


i=i  jt=i 


qimU)  _  i  -  33  _  J     8  ' 


and  this  implies 


p(V(j),B,g)  <  4    8    28    8  _  1024  <  ^ 


IlfaiPO'."*)  ~  3   9   27   7  729 
This  completes  the  proof  of  this  lemma.  ■ 
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A  A 

Lemma  4.2.12  (a)  If  B  is  symplectic  and  i  €  A(~)I ,  or  if  B  is  unitary  and  i  (E  ADI? 
then 

rffc 

(b)Ifi£AC\  I2  then 

except  when  mi  —  2  and     =  1. 

Proof:  If  n;  =  0  then  these  statements  are  obvious,  so  from  now  we  will  assume  that 
U{  is  positive. 

If  i  €  h  then  m,  =  1  and  because  of  Lemma  4.2.11/(a),  equality  holds  in  the 
statement. 

If  i  €  A  fl  h  then  m,  >  2  and  by  Lemma  4.2. 11 /(c) 

p(Vj,B,g)  <x     1  <4 

and  by  Lemma  4.1.4/(a), 

n  H£}>&s- 


1<A:<  jrm,ni 
rffc 


Since  3  •  ^  =  jjj  <  ^/g,  (a)  holds  whenever 


^(r2  -  r)m,n2  +  ^  <  ^(r2  -  r)m2n,2  , 

and  (6)  holds  whenever 

^(r2  -  r)m<n2  +  -  <  ^(r2  -  r)(m2n2  -  m,n,)  . 

The  first  inequality  is  equivalent  to  1  <  r(r  —  l)m,n2(m,  —  1),  and  is  always  true 
since  m,-  >  2;  the  second  inequality  is  equivalent  to  1  <  r(r  —  l)m,n,(m,n,  —  n,-  —  1), 
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and  this  is  true  unless  m,  =  2  and  n,  =  1.  If  mt-  =  2  and  nt-  =  1  then  the  left  hand 
side  of  statement  (b)  is 


r,_Pm=,(i-^) 


and  the  right  hand  side  is 


l<A;<2r 
rjE 


so  the  inequality  does  not  hold. 


Lemma  4.2.13  If  i  e  A  C\  J  then 


Ur*-r)m.n?  ^^.g)]      f  l(r2-r)m,„?,/)(K',  5,ff) 


< 


^(r*-r)(m?»?+m?,»?,)  JJ  (l  "  4*) 


l^fc^^rmin.+rm^/n,/) 

Proof:  First,  if  n,  =  n,-»  =  0  then  there  is  nothing  to  prove,  so  from  now  we  assume 
that  n,  is  positive.  We  should  notice  that  m,  =  m,/  and  n,  =  n,/  for  all  i.  Therefore, 
the  left  hand  side  of  the  statement  is  actually 


-rf* 


while  on  the  right  hand  side, 


^(r2  —  r)(ra2nt2  +  ra2n2 )  =  (r2  —  r)m2n2 


and 


-(rm,-»ij  +  rm,«n,/)  =  rm,n,  . 


If  m,  =  1  then  the  statement  simply  follows  from  the  fact  that 


n  (>-?)<  n  o-i) 


l<fc<rni 
rfjfc 


l<Jt<rn, 
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and  if  m,  >  2,  then  by  using  the  bounds 


n  o-^i      n  (i-^)>^f><-. 


l<k<rm  l<k<rmin, 
rfk  r\k 


the  inequality  of  this  lemma  is  true  whenever 

that  is,  1  <  (r2  -  r)m,(m,  -  l)n-.  This  obviously  holds  for      >  2  and  n,  >  1.  ■ 

Lemma  4.2.14  If  n(j)  =  1  */ien 

v-  q>rm{j)nU)2p(V(j),B,g)  _r 

TTr    a$rmWl5(i  fii) 

(n,,n2,...,nr)e5r(n(i))  f>U>  *M 

Proof:  The  proof  has  exactly  the  same  simple  line  of  reasoning  as  the  proof  of 
Lemma  4.2.3.  ■ 

Lemma  4.2.15  If  n(j)  =  2  then 

Proof:  For  any  (ni,n2,...  ,nr)  €  5r(n(j)),  either  n,-  =  2  for  some  1  <  i  <  r  and 
nj  =  0  for  all  j  ^  i,  or  n,  =  nj  =  1  for  some  1  <  i  <  j  <  r  and  n/  =  0  for  all 
/  ^  {«,  j}-  In  the  first  case, 

±rm{j)n(j)2 

1, 


and  in  the  second  case, 

|rm(j)n(j)2 
_Jf   =  rm(j) 

Furthermore,  by  Lemma  4.2. ll/(e)  and  (/), 

g(vmjM<v2, 
rii=iP0>.) _ 
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This  implies 
and 

(r  +  (r\"»W)  ■  y/2  =  (2r  +  r(r  -  l)g"»<J>)-L  <  r^W—  <  ^"O'H-1 


since  ^  <  3r-J  <  flf"1. 


Lemma  4.2.16  (a)  If  r  =  2  then  for  any  1  <j  <  s, 


(n,,n2,...,nr)€5r(n(j))     Ufa* «  PU>"0 


(7>J  If  r  =  2  and  n(j)  =  3  £/ien 

F  qi'^)'p(V(j),B,g)  <  4mW+1 

m.%«m  rc.. 

Proof:  In  this  case,  Sr(n(j))  =  S2{n(j))  =  {(i,n(j)  -  i)\0  <  i  <  n(j)},  and  by 
Lemma  4.2.11, 

nLip(i»»») 

Therefore, 

V         ^>^V(V(j),g,ff)     <    ^  »W(n(i)a^-(nOH)»).2i 

(n,,n2)€52(n(j))     Hfcl  *  PVln*)  t=0 

n(j) 

_     ^g2m(j),(n(j)-,)  .2i 


i=0 

n 

~2 


<  2       g3m0')»(»0'H) .  25 

t'=0 
LW»Wi)*J 

<  2      £  gfc.2* 

2 


_(gU«0>0)aJ+i  -  i)  .22 
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If  n(j)  =  3,  then  as  above, 


V       qm^)2p(V(j),B,g)    <     >       m3.t)  2§ 

=    (1  +  q4m0>)  -  2§ 


as  stated. 


Lemma  4.2.17  (aj  For  any  1  <  j  <  s, 

v      g^>wV(v(i),fl,g)  <  i(r2_r)m(j)2n0)2-i 

except  when  (m(j),n(j),r,q)  —  (1,1,2,3). 

(b)  Ifm(j)n{j)  >  2  and  (m(j),  n(j),  r)  f  (1,2,2)  then 

y  qL>rm^)2p(V(j),B,g)  <  i(r3-r)(TO(i)W-my)»(i))-i 

(n1,n2,...,nr)e5r(n(j))     H.=l92  AWM 

Proof:  Like  in  the  GL  case,  we  can  get  a  general  upper  bound  for 

^  q^U)^)2p(V(j),B,g) 
(*i,nj,...,«,y€5r(n(i))  H«=iy2 

For  any  (n!,n2, . . .  ,nr)  €  ^("(j)),  "(j)2  —  Y^i=i  ™i  ^  ^"(j1)2  aim  *ne  cardinality 
of  5r(n(j))  is  f^-1)  <  2"W+r-2  <  gt(»0)+''-2)  <  qhU)Hr-K  Furthermore,  by 
Lemma  4.2.11, 

p(V(j),B,g)  i 

Ilf=i^(i»»i) 

for  all  (ni,n2,--.  ,nr)  €  <Sr(n(j)).  Therefore, 


y  q^^2p(VU),B,g)  ,(r_1)m0>(j)2  _  A 

(..^....^(no-MnU^^pO',  »(;•),«<) 

This  implies  that  (a)  holds  whenever 

|n0")  +  |r  -  1  +  \{r  -  l)m{J)n{jf  +  \<  \{r>  -  r)m{jfn{jf  -  ±  , 


that  is 

4  4 

3«(i)  +  ^  +  (r  -  l)m(i)n(j)2  <  (r2  -  r)m(j)2n(j)2  , 
and  (6)  holds  whenever 

2  2  1  11  1 

3»(i)  +  3r  -  1  +  -(r  -  l)m(j)n(j)2  +  -  <  -(r2  -  r)(m(j)2n{j)2  -  m(j)n(j))  -  -  , 

that  is 

4  4 

~n(j)  +  ~r  +  (r  -  i)™(.?Xi)2  <  (r2  -  r)m(i)2"(i)2  -  (r2  -  r)m(j)nU)  • 

o  o 

By  dividing  through  with  (r2  —  r)m(j)2n(j)2,  we  get 

4  4  1 

3r(r  -  l)m(j)2n(j)  +  3(r  -  l)m(j)2n(j)2  +  ^(j)  ~  1  '  (4'10) 

and 

4  4  11 

+  IT,  n    ,-v,  /■«  +  — Tk  +     T^TT^x  <  1  .  (4-11) 


3r(r  -  l)m(j)2n(j)     3(r  -  l)m(j)2n(j)2     rm(j)  m(j)n(j) 

respectively.  It  is  easy  to  check  that  (4.10)  holds  if  m(j)  >  2,  or  if  n(j)  >  3,  or  if 
m(j)  =  1,  n(j)  =  2  and  r  >  3.  Also,  (4.11)  is  true  whenever  n(j)  >  3  and  r  >  3. 
Now  assume  that  r  =  2.  Then  by  Lemma  4.2.16, 

13  1 

-m(j)n(j)2  +  -<  m{j)2n(j)2  -  m(j)n(j)  -  - 

is  a  sufficient  condition  for  (6).  This  inequality  is  equivalent  to 

1 


^m(j)n(j)2  +  m(j)n(j)  +  2  <  m{j)2n{j)2  , 
1  1  2 


2m(j)     m(j)n(j)  m(j)2n(j)2 
which  holds  whenever  n(j)  >  3,  except  the  case  (m(j),n(j))  =  (1,3).  For  the  case 
(m(j)MiM  =  (1,3,2),  by  Lemma  4.2.16/(6), 

v  q^n^p(V(j),B,g) 
L>  TV    a\™{3rto{i  fi  )  Q 
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while 

gJ(r2-r)(m(i)3n(i)a-mO)n(i))-i  =  g5|  _ 

And  it  is  true  that  q5  +  q  <  q5$.  This  proves  (6)  for  the  r  =  2,  n(j)  >  3  case.  As  for 
(a)  when  r  =  2,  from  Lemma  4.2. 16/(a), 

\rn{j)n(j)2  +        m(j)2n(j)2  -  l-  , 


that  is, 


1  +^4^<i 


2m(j)  m(j)2n(j)2 
is  a  sufficient  condition  that  is  always  true,  except  when  (m(j),n(j))  =  (1, 1). 

Now  assume  that  n(j)  =  2.  Then  by  Lemma  4.2.15, 
rm(j)  +  r  _  i  <  I(r2  _  r)(4m(j)2  -  2m(i))  -  \  =  r(r  -  l)(2m(j)2  -  m(j))  -  i 
is  a  sufficient  condition  for  (6).  This  is  equivalent  to 

r(m(j)  +  1)  <  r(r  -  l)m(j)(2m(j)  -  1)  , 

that  is, 

m(j)  +  l<(r-l)m(j)(2m0')-l). 

Again,  this  is  always  true,  except  when  (m(j),r)  =  (1,2). 

Next,  assume  that  n(j)  —  1.  Then  by  Lemma  4.2.14,  (a)  is  equivalent  to 

r  <  9Kr2-r)-0')2"0')2-5 

and  (b)  is  equivalent  to 

These  inequalities  always  hold  if  rn(j)n(j)  >  2,  since  in  that  case, 

The  first  inequality  also  holds  for  (m(j),n(j))  =  (1, 1),  except  when  r  =  2  and  q  =  3. 
The  proof  of  this  lemma  is  now  complete.  ■ 
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Lemma  4.2.18  (a)  For  any  1  <  j  <  s, 

a^Wp(V(j),B,g)       ,(r2_r)m(j)2n(j)2  fr  /  _  J_\ 

(n1,n2,...,nr)€5r(n(i))     IU=1<12  k=l 

(b)  Ifm(j)n{j)  >  2  and  (m(j),n(j),r)  ?  (1,2,2)  then 
Y  q*rmU)nU)2p(VU),B,g)  < 

(ni,n2,...,^te5r(n(j))     IL.«^*>&*)  " 

oo  1 

9I(r2_r)(m0)2n(j)2_m(j)n(j))  JJ  /j  _ 

/fc=l  ' 

Proof:  Except  for  (a),  when  (m(j),n(j),r,q)  -  (1, 1,2,3),  it  follows  from  the  previ- 
ous lemma,  since 

tt  /        1  \      q2  -  2 

*:=i     ^  ^ 

For  the  case  (m(j),  n(j),  r,  9)  =  (1,1,2,3), 

,i(^)«n(l-i;)>3.|^|  =  f  >2  =  r, 

fc=l  ^ 

and  the  left  hand  side  of  the  inequality  in  (a)  is  equal  to  r,  by  Lemma  4.2.14.  ■ 


Theorem  4.2.19  Suppose  G  ~  Spd{q)  and  Sp±{qr)  ~  H  <  G  for  some  prime  divisor 

r 

r  0/  d,  and  g  €  H  is  a  p' -element,  which  is  not  in  the  center  of  G.  Furthermore, 
assume  that  r  ^  d. 

(a)         Ifr  *  i  then  N(G,  H,g)  <  ig*"*-K-»)  J]   (*  "  3)  • 

i<it<f 

(6)         //  r  =  ^  ffcen  ,  0)  <  V'"1)  Jj  (l  -  ^)  . 

Proof:  Using  Lemmas  4.2.12,  4.2.13  and  4.2.18/(a)  for  equation  (4.8),  like  in  the 
proof  of  Theorem  4.2.8  we  get  that 

N(G,H,g)<  V^-^I^^l+i^-olE^xmOrnOr]   JJ  (l  - -L)  . 

i<*<*  9 
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Now,  YlieA  m»n«  +  £j=i  mU)n(j)  =  r '  anc*  ^  at  ^east  two  summands  in  this  sum  are 
non-zero,  then 

£  m?„?  +  £  m(j)Mj)2  <  (;  -  I)2  +  1  =  £  "  7  +  2 

•€«A  J  =  l 

and 

iv(G,«,S)  <  i,i<^-^»  n  (i-^t) 

rffc 

=  ifi^w*  n  o-i) 

i<fc<l 

rft 

<        n  (i-i). 

We  still  have  to  consider  the  two  cases,  when  d  =  rm,n,  for  some  i  £  A  or  d  — 
rm(j)n(j)  for  some  1  <  j  <  s. 

Suppose  d  =  rm.n,-  for  i  6  A  Then  i  =  i'  (since  n,  =  in  general),  so  i  G  / 
and  m,  >  2  because  g  is  not  a  central  element  in  G.  Now  by  Lemma  4.2.12/(6),  the 
statement  of  this  lemma  is  true  except  when  n,  =  1  and  m,  =  2.  In  that  case,  by 
equations  (4.8),  (4.6)  and  (4.5), 

nig,  h,9) = y-nL-1('',^)  <  V-  n  (i  -  ■ 

Finally,  suppose  that  d  =  rm(j)n(j)  for  some  j.  (In  other  words,  this  means 
1/  =  Then  by  Lemma  4.2.18/(6), 

iv(G,«>9)<v-^»n(i-^)=9«-*('-,»  n  (i4), 

except  when  (m(j),  n(j),  r)  =  (1,2,2).  In  that  case,  \tCj\  =  2,  so  either  Kj  =  {*,»'} 
for  some  i  €  J,  or  K,j  =  {j,  /}  with  t,  /  G  /.  (Recall,  that  n,  =  n,/  for  all  1  <  i  <  so 
V  =  V(j)  implies  that  i'  €  ACj  for  any  t  €  £j.) 
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If  Kj  =  {i,i'}  for  some  i  €  «/,  then  n,  =  ny  =  1,  and  this  is  a  condition 
that  should  hold  for  any  element  in  Spd(gr)  =  Sp2(<72)  that  is  conjugate  to  g  in 

r 

Sp<i(<7)  =  Sp4(<7).  Therefore,  in  (4.8),  we  need  to  use  only  (1, 1)  €  Si(n(j))  =  «S2(2) 
and 

1  qlrm(j)n(j)2p(V(j),B,g) 


N(G,H,g) 


r  n:=19"rm0)12pa,i) 

1  q4p(V(j),B,g) 

1 2 


"  29  *  (1-4,) 
=  ^9(9+1)- 

We  used  equations  (4.7)  and  (4.9)  to  get  the  expressions  for  p(V(j),  B,g)  and  p(j,  1). 
If  fCj  =  {?,/}  for  some  i,l  €  /  then  again,  using  (4.8), 


N(G,H,g)  <  \  Y, 


q4p(V(j),B,g) 


2(n1,n^2(2)^+n2^"i)0>2) 


l(0p(V{j),B,g)  ,  2p(V(j),B,gy 
2\  p 


1  (MVU),B,g) 


=  j(»+*0) 

=    ^9(9- 1)  +  K  ^9(9+1) 


This  completes  the  proof. 


Theorem  4.2.20  Suppose  G  ~  Spd(q)  and  Sp<t(qr)  ~  H  <  G  for  some  prime  divisor 

r 

r  o/c£,  anc?  g  £  H  is  a  p' -element  that  is  not  in  the  center  of  G  and  is  not  conjugate 
to  any  element  in  Nq(H)  \  H.  Furthermore,  suppose  that  r  ^  d  and  (d,q)  ^  (4,3). 

(a)         Ifr  f  i  then  p(G,  NG(H),g)  <  . 

(6)  Ifr  =  t  then  p(G,NG(H),g)  <  q~^  ■  . 
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Proof:  The  condition  (d,  q)  ^  (4,3)  is  to  make  sure  that  NG(H)  is  a  maximal 
subgroup  in  G,  and  hence  by  Lemma  4.2.1, 

N(G,NG(H),g)      N (G,  H,  g) 


n(G,NG(H),g)  = 
Now, 

\G:NG(H)\  -- 


\G:NG(H)\      '  \G:NG(H)\ 


1  \Spd(q)\ 


r  |Spi(<T)| 

r 

i  ^+"nL(i-^) 


r  ***n£i(i-£) 


d 


Statement  (a)  follows  from  this  and  Theorem  4.2.19/(a)  immediately.  If  r  =  |,  then 


|G:*G(ff)|  =  i,^-'>n(l-i). 

fc=l  ^ 


so  by  Theorem  4.2.19/(6), 


r(G,Na(H),g)   <   q~r^  J[  \      \  / 

fc=i  I1 

1 


=  o-r(r-1)- 

— 1  h±tak' 


nr=:  a + ^) 


<    q-Hr-l)     1      ,  fH)_L. 

1  —  -  9  —  1 


This  completes  the  proof. 


Theorem  4.2.21  Suppose  G  ~  Spd(g),  f  >  3  o<ta,  GU^(q2)  ~  H  <  G,  and  g  €  H 
is  a  p' -element  that  is  not  in  the  center  of  G  and  is  not  conjugate  to  any  element  in 
NG(H)\H.  Then 

n(G,NG(H),g)<q-d+2  . 


131 


Proof:  As  before,  we  will  use  (4.8)  to  obtain  an  upper  bound  for  N(G,H,g)  = 
N(G,  Na(H),g).  Then  the  upper  bound  for  fi(G,  Na(H),g)  follows  immediately, 
using  that 

n(G,NG{H),g)  = 


\G  :  NG(H)\ 
and 

\G:NG(H)\   =   I  |SPJ(9)I 


2  |GUf(9>)| 

i      nL  (i  - 


2  ^ 


d 


jt=i  ^ 

Apply  the  results  of  Lemmas  4.2.11/(6),  4.2.12/(a)  and  4.2.18/(a)  to  (4.8) 
with  r  =  2  to  get 

N(G,  H,g)  <  I9S,€>»m?n?+2:;_1mO)2*(i)3+E.€/1«<  , 

Here,  ]T)te^  m,n,  +  X)j=i  m(i)n(i)  —  f  anc*  ^  at  *east  two  °^  *nese  summands  are 
non-zero,  then 

^  m2n2  +  2  m(j)2n(i)2  <  (|  -  l) 2  +  1  =  ^  -  ^  +  2  , 
ieA  j=i 

^  m]n]  +  £  m{3?n{3?  +  £  »,  <  J  -  5  +  2  • 

j=l  t'€/i 

In  this  case,  we  handle  two  sub-cases  separately.  First,  if  $^»g/,      <  f  then 

£  m2n,2  +  £  m(i)2n(i)2  +  £  nt  <  j  -  ^  +  1 
ieA  j=i  ieh 


and 


KG,NG(H))<^-—  =  q- 
q  4  +2 
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And  if  ^t-ej  ni  =  |  then  n/  =  0  for  all  /  ^  71?  and  from  (4.8)  and  Lemma  4.2.11/(6), 

<  ink^'fio-^)] 

i€/i  Jfe=l  V 

*  **-'«nno-^) 


i'6/i  k=l 

which  leads  to 

:iL6,,ire.,  (i+ffi 
nL  (i + «#) 

Next,  suppose  that  |  =  m^n;  for  some  t  6  A.  Then  i  =  i'  and  m,  >  2  (because 
g  is  not  a  central  element  in  G.)  By  Lemma  4.2.12/(6), 


n(G,NG(H),g)  <  ^1Wi;U=n,  ,  «*  '  <  q~d+2 


which  implies 


N(G,H,g)  <\q$~t, 


»(G,NG(H),g)  <  q~d  ■     ,      1    -  —  <  q~d+1 


nL(i+^) 

Finally,  if  |  =  m(j)n(j)  for  some  1  <  j  <  s  then  by  Lemma  4.2.17/(6), 

N(GrH,g)<±q$S 

and  like  in  the  previous  case,  that  implies  fi(G,  NG(H),g)  <  q~d+1.  ■ 

4.3    Case  II:  p'-Elements  Acting  Non- Trivially  on  an  Extension  Field 

Throughout  this  section,  d  is  a  positive  integer,  r  is  a  prime  divisor  of  d  and 
q  is  a  prime  power  such  that  gcd(r,  q)  =  1. 

Lemma  4.3.1  Let  G  =  GLd(q),  GLa(qr)  ~  H  <  G  and  g  €  NG(H)  \  H  such  that 

r 

gr  =  XI  for  some  A  £  F9.  Then  the  characteristic  polynomial  of  g  in  G  is 

Xg(x)  =  (Xr  ~  X)r  . 
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Proof:  Let  a  be  the  multiplicative  order  of  q  modulo  r  (so  1  <  a  <  r  —  1),  let 
T  =  Ghda{q)  and  Y  <  X  <  T  with  Y  ~  GLd(gor)  and  X  ~  GLd(g°).  By  Lemma 

r 

2-2-4,  ATT(r)  ~  Zar  ix  F,  A^(F)  and  NX(Y)  ~ZrxY.  Since  gcd(a,  r)  =  1, 

Zar  ~  Za  x  Zr  and  there  are  cyclic  subgroups  A  ~  Za  and  /?  ~  Zr  such  that 

A^y)  =  iJ«y,  NT(X)  =  A  x  X  and  7Vr(F)  =  (A  x  ii)  K  y  . 

We  may  identify  G  with  Cx(j4)  S  GLd(q)  and  #  with  Cy(A)  ~  GL4qr).  Notice 
that  #  normalizes  H,  since  for  any  a  e  A,r  £  R  and  h  €  H,  hra  =  har  =  hr  showing 
that  hr  is  an  element  of  Y  that  is  centralized  by  a  and  thus  hr  €        Also,  since 
<  X  n  C(v4)  =  G  but  R  D  #  <  R  n  r  =  {l},  we  have  that 

NG(H)  =  Rk  H  . 

Next,  let  \i  G  Z(X)  ~  F,a  be  an  rth  root  of  unity,  and  consider  the  norm  map 
N  from  Z(Y)  ~  F,«r  to  Z(H)  ~  F,-.  Since  g  <=  R  k  H  \  H  C  R  k  Y  \Y, 

N(a)  =  a  •  aq"  •        a9°(r  '*  =  a  •  or5  •  . . .  •  a9* 

for  any  x  €  Clearly, 

tffo)  =  /i  •  fi"'  ■ . . .  ■  //9°(r_1)  =fir  =  l, 

hence  by  Hilbert's  Theorem  90,  fj,  =  u9u~l  for  some  u  G  Z(Y).  Then 

showing  that  g  is  conjugate  to  g\x  in  Rk  Y,  hence  g  is  conjugate  to  gfx  in  X  ~  GLd(^a). 

This  implies  that  the  rth  roots  of  A  are  all  eigenvalues  of  g  with  the  same 
multiplicity,  therefore  the  characteristic  polynomial  of  g  has  to  be  a  power  of  the 
polynomial  xr  —  A.  ■ 
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Lemma  4.3.2  Let  G  =  GLd(q),  GLa(qr)  ~  H  <  G  and  g  <E  NG(H)  \  H  such  that 

r 

gr  =  XI  for  some  A  €  F9.  Then 

d 

\cc(g)\  <  ,4  n  (i  _  i ) . 

fc=l  H 

Proof:  Identify  G  with  GL(V)  for  a  vector  space  V  of  dimension  d  over  F,,  and  recall 
the  notations  we  used  in  Section  3.5.  That  is,  Let  o  be  the  order  of  g  (which  divides 
r(q  —  1)  and  hence  it  is  coprime  to  q);  let  x°  —  1  =  n!=i  /»(*■)  De  tne  factorization  of 
the  polynomial  x°  —  1  into  irreducible  factors  over  Fg,  and  for  each  1  <  i  <  t,  let  mi 
be  the  degree  of  K  =  {v  €  V  \  vfi(x)  —  0}  and  dimp,(Vi)  =  m,n,.  Then 

\ca(9)\ = n  iGLn.(9-)i = ?s-m<n?  rift  o  -  =»)  • 
t=i  «=i  a=i 

By  the  previous  lemma,  the  characteristic  polynomial  of    is  (xr  —  A)',  therefore 

fi     if  fi(x)  divides  xr  -  X  ; 
lO  otherwise, 

and  obviously  {i  \  n, ;  ^  0}  <  r  and  ^t  n.^om«  =  r-  This  imphes 

t'=l  jfc=l  ^  «',ni#0  fc=l  ^ 

=  ^nn('-i) 

fe=l  «',n,^0  H 

as  we  wanted.  ■ 

Lemma  4.3.3  Le£  G  =  Spd(q),  q  an  odd  prime  power,  Spd(qr)  ~  H  <  G  and 

r 

g  €E  Nq(H)  \  H  such  that  gr  =  XI  with  A  =  1  or  X  =  —  1.  Furthermore,  assume  that 
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q  is  odd. 


(a)        Ifr  =  2  and\  =  l  then  \CG(g)\  =  q^+2  j[  (l  -  • 


k=i 

d 
2 


(b)  Ifr  =  2and\  =  -1  then  \CG{g)\  <^tl{l~  ' — F~) 

(c)  Ifr  >  3  tten  |CG(5)|  <        (l  +  -) 


lNr-l 
9' 


Proof:  Keeping  the  notations  of  the  previous  lemma,  by  Theorem  3.5.19, 

\CG(9)\  =  q*&m'n'  -i[p(Vhg) 


i'=i 


where 


fW,g)={ 


95  1 


Again,  the  characteristic  polynomial  of  g  is  (xr  —  A)  r  and  this  implies 

if  f{(x)  divides  xr  —  A  ; 
0     otherwise  , 

t 

12i  n  #o  m«  =  r'  anc*  tne  exPonent  °f  Q  m  tne  formula  for  \Ca(g)\,  \  Xj  m«'ni  *s  equal 


to  4. 


If  r  =  2  and  A  =  1  then  xr  -  A  =  x2  -  1  =  (x  +  l)(x  -  1)  =  n,€/,  /.(*)  and 


ieii 


=  ^nn(i-i) 


t£/l  k=l 
d 


1  \2 


^n('-i) 


fc=i 

If  r  =  2  and  A  =  —  1  then  xr  —  A  =  x2  +  1  and  either  x2  +  1  =  //(x)  for  some 

/  €  I2  or  x2  +  1  =  fi(x)fi>(x)  for  some  /  €  «/.  In  the  first  case, 

d 

v*. 


\cG(9)\ = Aw,*) = /  ri  -  4r") 
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and  in  the  second  case 

d 

\Ca(g)\  =  q*p(Vhg)p(V,,tg)  =      f[  (l  -  1)  . 

fc=i  q 

Finally,  if  r  is  an  odd  prime  number  then  either  x  +  1  or  x  —  1  divides  xr  —  A, 
in  other  words  there  is  exactly  one  i  €  h  with  /,(x)  dividing  the  characteristic 
polynomial  of  5.  For  this  i,  />(K,flO  <       =  q£ ,  and  for  any  i  ^  /1,  p(K,flO  <  1  + 
This  implies  (c).  ■ 

Lemma  4.3.4  Let  G  =  Spd{q),  q  an  odd  prime  power,  |  an  odd  number,  GU^(q2)  ~ 


H  <G  andge  NG(H)  \  H  such  that  g2  €  Z(G).  7%en  g2  =  -I  and 

(-1)' 


M  9 

Proof:  Keep  the  notations  of  the  previous  two  lemmas.  Again,  n,  is  either  f  or  0 
for  all  i.  In  particular,  since  in  general,  n,  is  even  for  all  i  €  h  =  {1 \  /i(x)  =  x  ±  1}, 
this  forces  n,-  to  be  zero  for  any  i  E  h.  In  other  words  the  characteristic  polynomial 
of  g  is  not  divisible  by  x  +  1  or  x  —  1,  and  hence  g2  =  —I.  The  rest  follows  like  part 
(b)  of  the  previous  lemma.  ■ 

Definition  4.3.5  For  any  a  €  F*,  define  the  set  S(ct)  as  follows.  First,  let  cr  be  the 
Frobenius  action  on  GLd(qr),  that  sends  a  matrix  (a,j)  to  (a*.-).  Then  let 

r 

5(a)  =  {Ne  GLd(qr)  I JV^"1  •  N°T~2  ■ ...  •  N"  ■  N  =  al}  . 

r 

Lemma  4.3.6  For  any  a  6  F*, 

\GLd_{qr)\ 


\S(a)\  = 


\GLd(q)\ 


Proof:  Since  the  norm  function  from  F*r  to  F*  is  surjective,  \S(a)\  =  \S(l)\  for  any 
Suppose  that  N  €  GLd(qr)  and  N"r~l  ■ . . .  ■  N*  ■  N  =  I.  By  Lang's  Theorem, 

r 

there  is  a  x  —matrix  T  over  the  algebraic  closure  of  F,r  such  that  T°T~X  =  N. 
Then 

and  this  means  that  actually  T  is  in  GLd(q-r).   This  shows  that  every  element  in 

r 

5(1)  can  be  written  as  T°T~l  with  some  T  G  GLd(<?r)-  On  the  other  hand,  if 
TcT-i     s*s-i  for  T  g  €  GLi(qr)  then  =  5-!T,  that  is,  S~lT  €  GL<<(9). 

r  r 

■ 

Lemma  4.3.7  If  -  is  even  then 

J  r 

\SPsL(qr)\ 

|5(i)  n  sP,(qr)\  =  |5(-i)  n  5P49r)l  =  -jgjTgf  ■ 

r 

Proof:  For  5(1)  D  Spd(gr),  or  if  r  odd  then  for  5(-l)  D  Spi(gr)  the  proof  goes 
exactly  the  same  way  as  the  proof  of  the  previous  lemma.  For  5(-l)  D  Spd(92),  it 
is  slightly  different,  because  in  this  case  5(— 1)  n  Sp|(q2)  cannot  be  obtained  from 
5(1)  D  Spd(<72)  by  multiplying  its  elements  with  a  certain  scalar  matrix. 

Suppose  that  \  is  even,  N  €  Spi(q2)  and  N°  ■  N  =  -/.  By  Lang's  Theorem, 
there  is  a  symplectic  £  x  ^-matrix  T  over  the  algebraic  closure  of  F,2  such  that 
rj-1  =  N.  Then 

and  this  means  that  for  every  entry  a  in  T,  a'2-1  =  —1.  Fix  an  element  /i  in 
Fg4  such  that  /i'2-1  =  -1  and  let  M  €  Sp|(g4)  be  the  diagonal  matrix  having  \i 
and  \i~x  both  |  times  in  its  diagonal.  Then  MT  is  a  symplectic  matrix  over  F,2 
and  hence  T  (E  M_1  •  Spd(<?2)  =  M  ■  Spi(g2).  This  shows  that  every  element  in 
5(— 1)  can  be  written  as  (MA)<7(MA)~1  with  some  A  €  Spd(g2).  On  the  other  hand, 
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if  (MA)° (MA)-1  =  (MBY(MB)-1  for  A,  B  €  SP|((?2)  then  A" A~l  =  B°B~l, 
(B~lAY  =  B~lA  and  B~lA  €  Sp*(q).  ■ 

Lemma  4.3.8  Le*  G  =  GLd(q),  GLd(qT)  ~  H  <  G  and  a  €  F*  7%en 

r 

|C?Li(^)| 

|{flf  €  Ab(jy)  \  7/  I  gr  =  al}\  <  (r  -  1)  •       -  . 

r 

Proof:  Identify  Nq(H)  with  (a)  K  GLd(qr)  and  it  is  enough  to  show  that  for  each 

r 

1  <k  <  r-1, 

|GLd(<?r)l 

r 

This  is  true  for  k  =  1  by  the  previous  lemma,  because  if  g  =  a  •  M  for  some  M  € 
GLd(<7r),  then  #r  =  a/  is  equivalent  to  M°r~  • . . .  •  M*7  •  M  =  al.  Now  suppose  k  >  1 

r 

and  let  1  <  /  <  r  —  1  such  that  A;/  =  1  (mod  r).  Then  g  £  ak  ■  GLd(qr)  and  #r  =  a/ 
implies  gl  €  &  •  GL d(qr)  and  (<j')r  =  a'/.  Furthermore,  if  h  is  also  in  ak  •  Ghd(qr) 

r  r 

and  hr  =  at  I,  then  hl  =  gl  would  imply  h  =  g  (because  we  already  have  hr  =  gr  and 
(r; /)  =  1).  Therefore 

\{ge<Tk-GLd(qr)\gr  =  al}\  <  \{g  €  a  ■  GLd(qr) \gr  =  a' I}\  .  ■ 


Lemma  4.3.9  Let  G  =  Spd(q),  q  an  odd  prime  power,  -  even,  Spd(qr)  ~  H  <  G 

r  r 

and  a  =  ±1.  Then 

\Spa(qr)\ 

\{9eNG(H)\H\gr  =  aI}\  = 


\Spi(q)\  ' 

r 

Proof:  This  is  true  simply  because  Ng(H)  ~  (a)  k  Sp d(qr)  and  (crM)r  =  al  if  and 

r 

only  if  M  €  S(a).  And  the  number  of  such  matrices  M  is  given  in  Lemma  4.3.7.  ■ 
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Lemma  4.3.10  Let  G  =  Spd(q),  q  an  odd  prime  power,  |  odd  and  GU±{q2)  ~  H  < 
G.  Then 


{geNG{H)\H\9>  =  -I}\  =  1^. 

Proof:  If  we  identify  H  with  the  set  of  |  x  |  unitary  matrices  over  F?2  then  there 
is  an  element  a  G  Ng(H)  \  H  such  that  a2  =  — /  and  (a,j)a  =  (a?-)  for  every  matrix 
(a:i)  in  H.  Now  for  N  G  H, 

(aN)2  =  -I       aNaN  = -I  ^  NaN  =  I . 

As  in  the  GL  and  Sp  cases,  every  N  €  H  can  be  written  as  T"T~l  for  some  unitary 
matrix  T  over  the  algebraic  closure  of  F,2,  and  NaN  —  N°  N  =  /  if  and  only  if 
T  e  GU|(92).  On  the  other  hand,  if  T,  S  €  GUd(g2)  and  T"T~l  =  S° S~l  then 
(S-ijy  =  that  is,  all  the  entries  of  5_1T  are  in  F,  and  hence  S~lT  is  a 

matrix  in  GL d(q)  that  is  equal  to  the  inverse  of  its  transpose  matrix.  ■ 

Lemma  4.3.11  Let  G  =  GL%{q),  GLi(q3)  ~  H  <  G  and  a  G  F*.  Furthermore, 
assume  that  (q;  3)  =  1.  Then 

{0  if  x3  —  a  is  irreducible  over  F,3  ; 

q6  —  q3  +  1         if  x3  -  a  has  one  root  in  F,3  ; 
3(q6  +  q3  +  1)     if  x3  —  a  has  three  roots  in  Fq3  . 

Proof:  If  g  G  GL2(g3)  then  the  characteristic  polynomial  of  g  is  a  second  degree 
polynomial  such  that  it  either  divides  x3  —  a  or  has  a  double  root  that  is  also  a  root 
of  x3  —  a.  Therefore  a;3  —  a  cannot  be  irreducible  over  Fg3 . 

Suppose  x3— a  =  fi(x)- f2{x)  with  fi(x)  linear  and  /^(x)  irreducible  quadratic. 
Then  there  are  two  conjugacy  classes  in  H  of  the  elements  g  with  g3  =  al,  one  conju- 
gacy  class  with  characteristic  polynomial  fi(x)2  and  an  other  one  with  characteristic 
polynomial  /2(x).  Therefore 
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Now  suppose  x3  -  a  =  (x  -  cti)(x  -  a2)(x  —  a3)  with  e*i,  a2,  a3  €  Fg3.  Then  there  are 
six  conjugacy  classes  of  the  elements  g  in  H  with  g3  =  al,  since  the  characteristic 
polynomial  of  such  a  g  can  be  either  (x  —  a,)2  for  some  i  or  (x  —  a,)(x  —  ay)  with 
i  ^  j.  And  it  follows  that 

|{^GH|^3  =  a/}|  =  3  +  3J^L  =  3  +  393(g3+l)  =  3(96  +  93  +  l), 
as  we  stated.  ■ 

Lemma  4.3.12  Let  G  =  GLd{q),  GLd(qr)  ~  H  <  G,  r  an  odd  prime  divisor  of  d 

r 

(not  equal  to  d)  and  g  G  NG(H)  \  H  such  that  gr  €  Z(G).  Then 

(i(G,NG(H),g)< 


gd(t-l) 


Proof:  By  Lemma  4.1.2, 
Here, 

N=iGM9)i=/n(i-i), 

\C(G,  NG(H),g)\  <  \NG(H)\  =  r  .  f*  f[  (l  -  -L)  , 

fc=i  9 

and  by  Lemma  4.3.2, 


icc(s)i<^n(i--L) 


/fc=l 
Therefore, 

2  ,2  .2       Ilfc=i  ( 1  —  ^  ) 


nLi(i-*)  ' 

Notice  that  (by  using  Lemma  4.1.4) 

i      /  \  2 

(i  -  ^      i  A  2r 

r  — ^  (-  <  r  ■  j  =  4r  <  q2r  , 
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therefore 

»(G,NG(H),g)<q^-d2+2r 

and  the  statement  of  this  lemma  follows  whenever 

?—^d2  +  2r<  -d(r  -  1)  , 
r 

or  equivalently, 

dr(r  -  1)  +  2r2  <  d2(r  -  2)  . 
Since  d  =  nr  for  some  integer  n  with  n  >  2,  we  can  rewrite  this  inequality  as 

nr2(r-l)  +  2r2  <  n2r2(r  -  1)  ; 

n(r-l)  +  2<  n2(r-2)  ; 

r- 1        2     ^  2 

n          +   <  n2  . 

r  -  2     r  -  2  ~ 


Now  if  r  >  5  then 


r  -  1        2        4n     2      2n2     n  , 

n  f-  <  1-  -  <  h  -  <  n 

r-2     r-2 -  3      3"   3  3 

for  any  n  >  2,  and  if  r  =  3  then 

r  —  1  2 

n          +   =  2n  +  2  <  n2 

r  —  2     r  —  2 

whenever  n  >  3.  This  proves  the  lemma  except  for  the  case  d  =  6,  r  =  3.  We  will 
handle  this  case  by  giving  a  more  careful  upper  bound  for  \C(G,  Nq(H), g)\. 

From  now,  suppose  that  d  =  6  and  r  =  3.  Notice  that  then  q  is  not  a  power 
of  3.  Since  g3  —  al  for  some  a  €  F*,  clearly 

C(G,  NG(H),g)  C{he  NG(H)  \h3  =  al}. 

By  Lemmas  4.3.8  and  4.3.11, 

\{heNG(H)\h3  =  aI}\    <   2l^^+3(<?6  +  <?3  +  l) 


=  2<72(<72  +  q  +  l)(q4  +  q2  +  1)  +  3(g6  +  q3  +  1) 
=   298  +  297  +  7q6  +  2q5  +  4q4  +  5q3  +  2q2  +  3. 
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If  q  >  4  then  this  is  less  then  3g8,  so  \C(G,  NG(H),g)\  <  3q8  and 

\CG{g)\-^ 


n(G,N(G),g)  < 


< 


\G\ 


"l6-3 


-16  9-1 


9-2 

<  ,-.3.| 

<  <         =  , 

If  q  =  2  then  using  the  fact  that  in  F8  every  polynomial  of  the  form  x3  —  a  has  exactly 
one  root,  by  Lemma  4.3.11, 

\{he  H\h3  =  al}\  =  <?6  -  g3  +  1  =  64  -  8  +  1  =  57, 

and  then 

|C(G,  AT0(ff),9)|  <  2|^|  +  57  =  2  •  ^  +  57  =  1233  , 


< 


\G\ 

212nL  (!-»)■  1233 

23enL 

 1233  

"  2«(i-j)(i-j)(i-A)(i-i) 

1233 
212  • 1395 
<   2"12  =  g-^"1)  . 


This  completes  the  proof.  ■ 
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Lemma  4.3.13  Let  G  =  GLd(q),  q  odd,  d  >  4  even,  GL^(q2)  ~  H  <  G  and 
geNG(H)\H  such  that  g2  €  Z(G). 

(a)         Ifd  >  6  then  n(G,NG(H),g)  <  \  . 

3 

(6)  Ifd  =  4andq>5  then  n(G,  NG(H),  g)  <  —  . 
(c)         Ifd  =  4andq  =  3  then  fi(G,  NG(H),g)  <  . 

Proof:  First,  let  g2  —  al  and  we  will  find  an  upper  bound  for  the  cardinality  of  the 
set  {h  €  H  |  h2  =  al}.  Assume  that  h  is  en  element  of  GL d{q2)  with  h2  =  al.  Then 
there  is  an  element  A  6  F,2  such  that  X2  =  a  and  the  characteristic  polynomial  of 
h  is  equal  to  (x  —  +  A)z-'  for  some  integer  /  between  0  and  |.  Then  the  order 
of  the  centralizer  of  h  in  GL  d(q2)  is  |GL/(g2)|  •  |GLd_,(q2)|  and  the  cardinality  of  the 

2  2 

conjugacy  class  of  h  is 

iGi«(«2)i  nL  (1  -  ±) 


iGL,W)i-iGLH(^)i  -  ^-^nLji-^nLKi-^) 


=  9 

<  9 

<  q 


nU  (i  -    rtc  (i  - 
nr=1  (i  - 

2/(d-2()^ 


,2  : 


<     £  .  02/(<i-2/) 

-    7  y 


Since  /  characterizes  the  conjugacy  class  of  h  in  GLa(q  ),  we  have 

d 

8 


\{h  eH\h2  =  aI}\  < 


2/(d-2i) 

1=0 

Hi 


1=0 
16  NJ 


< 

*;=0 


16 


7(9-1) 
16 


[q&»  -  1) 


14  y 


This  together  with  Lemma  4.3.8  imply  that 


\GLa(q2)\      16  d2 

|C<G,  *„(*),,)!   <  ^-^_.,T* 


2 

^2  i 


9 2  IlLi  (1  -  if)  ,  16  £ 


^  +  ^-9<+1 


^nL(i-*) 

£   g-1  16 


~  H  v3  14y 
<  2-q*+1. 


2 


For  <f  =  4we  will  need  a  little  more  careful  upper  bound: 

|GL2(g2)| 


\{heH\h?  =  aI}\   =  J2 

1=0 

=   2  + 


^IGLK^HGL^2)! 
q\q2  -  l)(q*  -  1) 


(92"1)(92-1) 
=   94  +  92  +  2; 
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\C(G,NG(HU)\   <  +  ,<  +  ,' +  2 

,V-D(94-D+94  +  92  +  2 


q(q-l)(q2-l) 
=    2q4  +  q3  +  2q2  +  q  +  2 

4/      1     2      1      2v      ,   162  +  27  +  18  +  3  +  2 

*  ^2  +  3  +  9  +  27  +  8l)=9  81  

212  4 


And  if  q  >  5  then 


\C(G,NG(H),9)\   <  ^(2  +  1  +  1  +  ^  +  -L) 

4,      125  +  50  +  5  +  2,  4/0.182. 
=  9(2  +  625  )  =  9(2  +  625} 


23  4 
<  q 

10  y 


After  this,  use  the  formula  given  by  Lemma  4.1.2: 

Here, 

iGi=iGM9)i=/n(i-^) 

and  from  Lemma  4.3.2, 


|Cbto)l<g*Il(1-^E)<«* 

So  if    >  6  then 

n(G,NG(H),g)  < 


k=i 


< 


d2 

q2  ■ 

2*4" 

2q^+1 

<Td; 
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if  d  =  4  and  q  >  5  then 


»(G,NG(H),g)  < 


23  12 
10y 


^16(i-i)(i-*) 

_4  23  5  125  _  _4  2875 
~   q    '  10  '  4  '  124  ~  9  '992 

<  3-9"4; 


and  finally,  if  d  =  4,  g  =  3  then 


fi(G,NG(H),g)  < 


38  •  212 


ol6  2  26 
°     '  3  27 


212    1_  J_ 
"52"  ¥  <  19  ' 

The  proof  of  this  lemma  is  now  complete.  ■ 

Lemma  4.3.14  Let  G  =  Spd(q),  q  odd,  Spd(qr)  ~  H  <  G,  r  an  odd  prime  divisor 

r 

ofd  and  g  €  NG(H)  \  H  such  that  gr  €  Z{G).  Then 

rtG,Na(H),g)<-^ir). 
Proof:  As  before,  we  will  use  Lemma  4.1.2  again,  according  to  which 

<r  n  <m  \  \CG{g)\-\C{G,NG{H),g)\ 
fi{G,NG{H),g)  =  j^j  . 

Here, 

101-^*4(1-3). 


2r 


k=l 


\C(G,  NG(H),g)\  <  \NG(H)\  =  r  ■  q$M  J]  (1  _  J_) 
and  by  Lemma  4.3.3/(c), 

\CG(g)\<q^{l  +  ^)r~1 
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Notice  that 

-  <  q 


UL  (1  -  i)  >  &E?  >  fc  r  •  ?  <  35  <  <fi  and  (l  +  l)"1  <  (§)'  <  gi 


Therefore 


O      '    Or    "  7 


/x(G,iVG(^)^)<g-"+- 

and  the  statement  of  the  lemma  is  true  whenever 

d2     d2      d  1  v 

that  is, 

«P(2  -  r)  +  <f  +  2r2  <  -dr(r  -  1)  , 
dr(r  -  1)  +  d  +  2r2  <  d2{r-2)  . 
Since  d  =  nr  for  some  positive  even  integer  n,  we  can  rewrite  this  inequality  as 


nr 


(r  -  1)  +  nr  +  2r2  <  n2r2(r  -  2)  ; 


n(r-l)  +  -  +  2<n2(r-2); 
r 

r  —  1  n  2  2 

n^  +  ^2)+^2^n  • 


Now  if  r  >  5  then 


r  —  1  n  2        4n      n      2     ^     ^  , 

n  h  -;  r  +   <  1  \-  -  <2n  <n2 

r-2     r(r-2)     r-2~  3      15  3 

for  any  n  >  2,  and  if  r  =  3  then 

r  —  1  n  2        „       n     _  ^  9 

n  h  —   +  =  2n  +  -  +  2  <  n2 

r  -  2     r(r  -  2)      r  -  2  3  ~ 

whenever  n  >  2.  This  proves  the  lemma  except  for  the  case  d  =  6,  r  =  3.  As  we 
did  in  Lemma  4.3.12,  we  will  handle  this  case  by  giving  a  stronger  upper  bound  for 
\C(G,NG(H),g)\. 
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From  now  on,  suppose  that  d  =  6  and  r  =  3.  Notice  that  in  this  case,  q  is  not 
a  power  of  3.  Since  g3  —  al  with  a  =  ±1,  clearly 

C(G,  NG(H),g)  C  {h  €  JVG(ff )  \  Z(G)  |  fc3  =  a/}  . 

In  general,  if  A  €  SL2(<7i)  for  some  prime  power  qi  then 

A3  =  I        A  —  I  or  Tt(A)  =  -1 

and 

A3  =  -/  4=*>  A  —  -I  or  Tt(A)  =  1  . 

The  number  of  solutions  for  a(±l  —  a)  —  6c  =  1  in  F9l  is 

<?i(<7i  -  1)     if  x2  =f  x  +  1  does  not  factor  in  F9l[x]  ; 
qi(qx  +  1)     if  x2  =F  x  +  1  factors  in  F9l  [x]  . 
This  fact  together  with  Lemma  4.3.9  implies  that 

\C(G,NG(HU)\   <  +  ,«  +  ,' 

=    2q2(q4  +  q2  +  l)  +  qG  +  q3  =  Sq6  +  2<?4  +  g3  +  292  <  496  , 


fi(G,Na(H),g)  < 


97(l  +  ^)2-49' 
4-(l  +  i)2 


<  ,-°.4.(K2.^ 

-   v  V5/  23 

<  7q-8  <  q~e  =  q&r-»  . 

This  completes  the  proof.  ■ 

Lemma  4.3.15  Let  G  =  Spd{q),  q  odd,  d  divisible  by  4,  Spj(q2)  ~  H  <  G  and 
g  €  Ng(#)  \  #  such  that  g2  =  ±1. 

(a)  Ifd>8  then  (i(G,NG(H),g)  <  \  . 

q2 

(b)  If  d  =  4  then  n{G,Na(H),g)<-^—. 
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Proof:  First  we  will  find  upper  bounds  for  the  cardinalities  of  the  sets 

{h<EH\h2  =  I}  and  {h  €  H  \  h2  =  -/}  . 

Assume  that  h  is  an  element  of  Sp|(g2)  with  ti2  =  /.  Then  the  characteristic  polyno- 
mial of  h  is  (x  —  l)ni  (a;  + l)"2  with  some  even  integers  ni  and  n2  such  that  nx  +  n2  =  | 
and  by  Theorem  3.5.19,  the  order  of  the  centralizer  of  h  in  Sp|(g2)  is 

HI 


n  (,  _  4)  n  (i  -4 )  >  (£^y 


fc=l       *  •   k=l       H  * 
Since  the  conjugacy  class  of  h  in  Sp|(<?2)  is  characterized  by  ni  and  n2,  we  get  from 
this  that 

X  |Spj(9!)l 
|{*<=ff|tf  =  /}l  <  ^qW^-i?+*my 


i 

  n  a    '  ■; 


< 


— +  -  4  1 

1=0  9      4  21 


/=o  v 

8  4  1 


< 


Together  with  Lemma  4.3.9,  this  implies 


-lKqA-2}  H 


2 


d2      d  ^ 


£+4  92  -  i  .  4+, 

g  T4    .   ±  L/.I  Tl 


+  1 


92-2 
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lid  =  4  then  H  ~  SL2(g2),  so 

{h  eH\h2  =  /}  =  {/,-/} 

and  simply 

KO,jfe(*).f)l  =  |SP2(92)I 


ISp>(«)I 
(92  - i)<?v  + 1) 


=  q(q2  +  1)  • 


(q-l)q(q+l) 

Now  assume  that  h  is  an  element  of  Sp|(q2)  with  /i2  =  — /.  Then  the  charac- 
teristic polynomial  of  h  is  (x  -  fJ,)*(x  +  //)<  where  ±/x  are  the  square  roots  of  -1  in 
the  field  F,2.  By  Theorem  3.5.19,  the  order  of  the  centralizer  of  h  in  Sp|(g2)  is 

it=i  H 

Since  in  this  case,  {he  H\h2  =  -1}  consists  only  of  one  conjugacy  class  of  elements, 
we  have 

|SPi(92)l 


\{heH\h2  =  i}\ 


\Cg(h)\ 

^  nL  (i  -  ^) 


^  nL  (i  -  ^) 

£  .  d    q2  -  1 

<      (78t2  .   

9  92-2 


and  then 


|Spd(o2)|       d2    ,    G2  _  1 


<£,d  O2  -  1         <£,d     O2  -  1 

<    «78    4^  «+98  2  


q2-2  '  *  <?2-2 
d2  ,  a    a2  -  1  /  1\ 

<  ,T+,.i_(1  +  _) 

d2  d    8    4  32 


— +- 

7   3  21 


<    q  s  T2  .  -  ■  -  =  —  ■  q  « 
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If  d  =  4  then  H  ~  SL2(g2)  and 


{heH\h2  =  -I}  =  {h<EH\  Tr{h)  =  0} 


The  number  of  solutions  for  -a2  -  be  =  1  in  F,2  is  q2(q2  +  1),  so 


\{heH\h2  =  -I}\  =  q4  +  q2  , 


\C(G,Nc(H),g)\   <   l^i!  +  9V  +  l) 


|SP2(g)| 

(q2  -  l)q2(q2  +  1) 
(q-l)q(q+l) 


+  q2(q2  +  l)  =  q(q+l)(q2  +  l). 


So  far  we  proved  that 


\C(G,NG(H),g)\<  < 


it  +  i+i 
q  «  T4 T1 


if  #2  =  /  and  d  >  8  ; 
g(<72  +  1)  if  g2  =  I  and  d  =  4  ; 

|f  •  9x+f  if  #2  =  -/  and  d  >  8  ; 

V(<Z+1)(<72  +  1)     if  £2  = -/ and  d  =  4  . 

Now  use  the  formula  given  by  Lemma  4.1.2.  If  g2  =  I  then  by  Lemma  4.3.3,  |Cg(sOI 


so 


li(G,NG(H),g)   <     j2\  / 


< 


nL  (i  - 

£  +  4      £  +  4  +  1 

q  4  T2   -qf!  T4T 

(jf  2  T2 
04+^  8 


and  the  statement  of  this  lemma  is  true  whenever 

i+2-*<-d-. 

4  8-2 

Since  d  =  4k  for  some  positive  integer  A;,  we  can  rewrite  this  inequality  as 


k  +  2-2k2  <2k; 


3fc  +  2  <  2A;2 
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and  this  is  true  for  any  k  >  2.  If  d  =  4  then  |Cg(#)|  =  96(l  —  so 

96(l-£)-9(92  +  l) 


tx(G,NG(H),g)  < 


910(1-^)(1-^) 
<?W  +  1)  9 


If  52  =  -/  then  by  Lemma  4.3.3/(6),  \CG(g)\  <       uLi  (*  "  so 


n(G,Na(H),g)  < 


9^nL  (1-*) 


9' 

2 


1\    32  92-l 

<  9~ 


21    ?2  -  2 
d2    4    32   8        di  1024 


<    9   8  •  o  •  ^7  "  n  =  9 


8 


3   21    7     1  441 


<    q   8  + 

and  the  theorem  is  true  whenever  -y  + 1  <  -f ,  that  is  4d+8  <  d2.  This  is  certainly 
true  for  d  >  8.  If  d  =  4,  then  |CG(flf)|  <  94  IlLi  C1  ~  so 

94(1  +  ^)(1-W-9(9+1)(92  +  1) 

*  -  j)d-»)  

q(q+l)(q2-l)-q(q+l)(q2  +  l)  _  q+l 

?V  -  1)(94  -  1)  92(9"1) 
and  is  less  then         for  any  odd  prime  power  q.  ■ 

Lemma  4.3.16  Let  G  =  9  odd,  d  =  2  (Wd  4^,  GUi(q2)  ~  H  <  G  and 

g  €  Wg(#)  \  #  suc/i  i/mi  #2  = 

(a)         //  d  =  2  and  q=l  (mod  A)  then  fi(G,  NG(H),g)  <  -  . 
(6)         Ifd  =  2andq  =  3  (mod  4)  then  fi(G,  NG{H),g)  < 


9(9-1)  * 

(c)        //<*  >  6  i/ien  fi(G,Na(H),g)  <  i  ■ 

Proof:  First  we  find  an  upper  bound  for  the  cardinality  of  the  set  {h  £  H  \  h2  =  —I}. 
Assume  h  is  an  element  in  GUd  (q2)  with  h2  —  —I.  Then  the  characteristic  polynomial 
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of  his  (fi(x))ni(fj(x))n2  where  /,(x)  =  x-fi,  fj(x)  =  x  +  /x,/i2  =  -1  and  m+n2  =  f 
From  here,  we  have  to  separate  two  cases.  If  q  =  1  (mod  4),  then 

xfiix-1)  =  x{x~l         =  x(x~l  -  fj,q)  =  1  -  fix  =  -n(x  +  fi)  =  -nfj(x) 

showing  that  i'  =  j  and  hence  n,  =  nj.  But  that  is  a  contradiction,  since  n, ;  +  nj  =  | 
and  |  is  an  odd  integer.  If  q  =  1  (mod  4),  then 

x fi(x~l)  =  x(x~1  -  fi)  =  x(x~1  -  nq)  =  1  +  fix  =  /i(x  -  fi) 

which  means  that  i  =  V  and  j  =  f.  Then  by  Theorem  3.5.19,  the  order  of  the 
centralizer  of  h  in  GUd(q>2)  is 

<"ft(i-<?)ft(i-<?) 

fc=i  *       fc=i  ^ 

and  the  cardinality  of  the  conjugacy  class  of  h  is 


4_n?_n,      nL  (i  -  ^)   £_„ 


,21 


Since  nx  and  n2  characterize  the  conjugacy  class  of  h  in  GL|(g  ),  we  have 

d  d 

\{heH\h*  =  -i}\  <  ^^-'2-(H)2  =  ^^-20 


/=0  /=0 
d_\  di_I 

=   2g^-«)  <  2 

/=o  fc=o 

<    ?»+2 . 


Now,  by  Lemma  4.3.10, 


|GIjd(g2)| 

\{h  e  Nq(H)  \  H  \  h2  =  = 


\Of(q)\ 

_  g*nL(i-qP) 

1  d2,d     0+1     o2  -  1 

2  H  q  q2-2 

<  q*+* 
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and 

\C(G,NG(H),g)\  <  q$+t+q*+i  <  q^+l 


Then  by  Lemma  4.3.4, 

ic0(,)i<,*no-^)<«*+* 

and  by  Lemma  4.1.2, 


< 


\G\ 

q*  -2  -q 


Q  4  *  2  •  q  8  T4T 
<  - 


<£.4_<<_I 
<jr  2  "r2  2 

_<£_<*+2 


This  implies  that  /z(G,  NG(H),g)  <  q~d+2  whenever  -f  -  f  +  2  <  -<f  +  2,  that  is, 
<  ^  and  this  is  true  for  d  >  6. 

4    —    8  — 

Finally,  if  <f  =  2  then  H  ~         and  thus 


\{heH\h2  =  -I}\  = 


2  if  g  =  3  (mod  4)  ; 
0     if  q  =  1  (mod  4)  , 


|C(G, NG(H),g)  <  \{h  e  H  \  h2  =  -I}\  +  \H\  =  \{h  e  H  \  h2  =  -I}\  +  q+  1 
In  this  case,  by  Lemma  4.3.4, 


\Ca(9)\  = 


q(l  +  M  =9+1  if9  =  3(mod4)  ; 
ff(l-{)-f-'l     if  <?  =  1  (mod  4)  , 


while  |G|  =  |Sp2(g)|  =  (q  -  1)9(9+1),  therefore 

fi  if  q  =  1  (mod  4)  ; 

Now  the  proof  of  this  lemma  is  complete.  ■ 
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Lemma  4.3.17  Let  G  =  GLd(q),  d  an  odd  prime  number,  q  not  divisible  by  d, 
GLx{qd)  ~  Z^_,  ~H<Gandg<E  NG(H)  \  H  such  that  gd  €  Z(G). 

(a)  Ifq  =  2then  fi(G,  NG(H),g)  <  • 

(6)  7/o  =  3  ^en  /i(G,  NG(H),g)<  . 

(c)  // o  >  4  tf*en  fi(G,  NG(H), g)  <  2^d~y  ■ 

Proof:  Let  gd  =  al,a  €  F9.  Since  #  is  cyclic,  \{h€  H\hd  =  al}\  <  d  and  then  by 
Lemma  4.3.8, 


\C(G,NG(H),g)\<(d-l) 


\GU(qd)\ 


+  d  =  (d-iy 


i 


|GLi(9)|    "      v"     -'  q-l 

Furthermore,  by  Lemma  4.3.2, 

\CG(g)\<qd{l-^)^qd-l, 

and  then  by  Lemma  4.1.2, 

M(HU)  =  \Cc(9)\-\C(G,NG(HU)l 


+  d. 


< 


\G\ 

(<7d- 

-!)•((<*- 1)£?  +  <0 

UL  (i  - 

(d- 

-l)(od-l)  +  %-l) 

(9- 

i)^-dnt;(i-£) 

(d 

-  l)gd  +  rf(g  -  2)  +  1 

If  q  =  2  then 


(<*  -  l)od  +  d(q  -  2)  +  1 


(rf-l)2d  +  l 


(g  - nS  (i  -  £)  2*--  nts  (i  -  *) 


</- 1 


2(d-i)2  nfci(i-*) 

And  we  need  to  show  that 


2  + 


(^-1)2^ 


ntl(i-*)  L  (rf-1)2d-1 


2  + 


<  7  . 
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If  d  =  3  then  the  left  hand  side  of  this  inequality  is 

8    r      1,     8    17     17  „ 

H2+8]  =  3'¥  =  T<7' 


if  d  =  5  then  it 


is 


4   8  16 


K     3   7   15'    L  64J 


1  ,      1024  129 


315  64 


i  6.55  <  7  , 


and  if  d  >  7  then 


1\     /      1\  /,     1\A     1\  /,     ^    1  \     1    3   7   7  147 


jt=i 


and  therefore 


2  + 


{d-l)2d 


<2  + 


1  769 


6  •  64  384 


2  + 


1 


((/-l)2d"1 


ICS  (i  -  *) 

This  concludes  the  proof  of  (a). 
If  9  =  3  then 

(d-l)<f  +  d{q-2)  +  l 


,  512  769  _  3076  3087  _ 
-  147  '  384  ~  441  K  441 


fi(G,Na(H)yg)< 


(d-l)3d  +  d+l 


(<?  - 1)**-'  nt;  a  -  ^)  2  •  3d2-d  nil  a  -  *) ' 


2  5  _  5 

3  '  6  ~  9  ' 


so 


Jfc=l  *=0 

(d-  l)3d  +  </+l  _  (d-l)3d  +  d+l 


V(G,NG(H))< 


2  •  3d2"11! 


d-l  1 


so*-1*2  10 


27  + 


10  •  3d2-d-2 
d+1 


3d-3{d-l)\ 


and  we  need  to  show  that, 


To 


27  + 


d+1 


3d~3(d-l) 


<3; 


or  equivalently, 
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d+1 


3d~3{d-l) 
<  3 


<3, 


d  +  1  ,„d-2 


and  this  is  certainly  true. 

If  q  >  4  and  d  =  3  then 


d-l 


so 


(d-iy +  rf(g-2)  +  l  2(g3-l)  +  3(g-l) 

u-i)^-dnt;(i-*)  -})<*-*) ' 

I      a)\      a2/  ~4"  16"  64' 


(?"1)96-S 


45(q-l)q6      15 -<f 


1 
4 


128       ,       ,  »      64  1 


and  we  need  to  show  that 


128    2  64 


F3T)45(,-iy  +  w<4, 


that  is, 


32/,     1  1\ 
—  1  +  -  +  -)  +  — 
45  V      a     q* '  15 


<  1 


j2  ) 

and  equality  holds  here  for  q  =  4,  while  the  left  hand  side  is  a  decreasing  function  of 
9- 

Now  suppose  that  q  =  4  and  d  >  5.  Then 

(rf-l)gd  +  %-2)  +  l  (<f-l)4d  +  2<f+l 

n(1-i)>(1-i)(1-Ei^)  =  ril  =  ^' 


jt=i 


so 


li{G,NG{H),g)  < 


(d-  l)4d  +  2d+  1 
d-l  11 


4(d-!)2  16 


+ 


2d+  1 


3     3(d-  1)4*-*] 
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We  need  to  show  that 


that  is 


11 
16 


r4 


+ 


2d  +  1 


<  2 


4  2d  + 1 
3  + 


n 


4  + 


2^+1  33 
(J  -  l)4d2-rf  -  8 


2d+  1 


1 

<  - 


(d-l)4d2~d  ~  8  ' 
2d  +  1 
d-l 


<  2 


2d-5 


and  this  certainly  true  for  d  >  5. 

Finally,  assume  that  q  >  5  and  d  >  5.  Then 

(d-l)gd  +  d(q-2)  +  l 


fi(G,NG(H),g)  < 


< 


(?-i)-^m:!(i-^) 

{d  -  l)qd  +  d(q-2)  +  l 

(?-l)-^-"-fEf 

((/-l)gd  +  %-2)  +  l 

(9  -  2)  • 
d-l    r  q 


+ 


+ 


< 


5  5 
L3  +  4  •  625 


+ 


< 


q(d-i?    [q-2     {d-\)qd-1  {q-2){d-\)qd-i 

d-l    r5     _5_   1_ 

q(d-W  '  L3  +  4  •  625  +  3  •  4  •  625J 
d-l     12500  +  15+  1  d-l 
qV-1)2  7500" 
2(d-  1) 


g^"1)2  7500 


This  completes  the  proof  of  this  lemma.  ■ 

4.4    Case  HI:  Elements  of  Order  p  Centralizing  an  Extension  Field 

In  this  section,  as  usual,  d  is  a  positive  integer,  r  is  a  prime  divisor  of  d,  p  a 
prime  number,  q  =  pf  and  V  is  a  vector  space  of  dimension  d  over  F,  which  is  also 
a  vector  space  of  dimension  ~  over  F,r.  As  in  Section  4.2,  we  will  denote  V  by  V 
when  we  consider  it  as  a  vector  space  over  F7r.  Let  G  =  GLpq(V),  H  =  GLf  r(V) 
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and  g  G  H  \  Z(G)  an  element  of  order  p  that  is  not  conjugate  to  any  element  of 
Na(H)  \  H. 

Following  the  notations  of  Section  3.4,  let  Va,i  denote  the  quotient  module  of 
the  regular  F,(^)-module  with  dimension  a  over  F,  and  let  Va,b  be  the  direct  sum  of 
6  copies  of  K,i  •  Similarly,  let  Va,i  denote  the  quotient  module  of  the  regular  F,r  (g)- 

A  A 

module  with  dimension  a  over  F,r  and  let  Va,b  be  the  direct  sum  of  b  copies  of  K,i- 
It  is  easy  to  see  that  in  general, 

Va,b  *  K,r6  (4-12) 

as  F9(y)-modules.  Let 

e 

V  =  0V5,    Vt^Va„bt  (4.13) 

t=i 

be  the  decomposition  of  V  into  a  direct  sum  of  homogeneous  F,r  (g)-modules  where 
1  <  a,  <  aj  <  p  for  all  1  <  i  <  j  <  e.  Then  if  V;  denotes  K  as  an  F,(#)-module, 
then 

e 

V  =  0V5,    Vi~Vai,bi  (4.14) 

»=i 

is  a  decomposition  of  V  into  a  direct  sum  of  homogeneous  F9(y)-modules.  Notice 
that 

e 

Yjraibi  =  d.  (4.15) 
i=i 

Theorem  4.4.1  Let  G  =  GLd(q),  GL<t(qr)  ~H<GandgeH\  Z(G)  an  element 

r 

of  order  p  that  is  not  conjugate  to  any  element  in  Ng(H)  \  H. 

(a)  Ifr=d-  then  fi(G,  NG(H),g)  <  ■  . 

(b)  Ifrt±then»{G,NG{HU)<-^. 


160 

Proof:  By  Theorem  3.4.11, 


=1  Jt=i 

e  bi 


\CG(g)\  =  <?Er='  E'='  — (-i^HH,)  fl  f[  (l  -  ^)  , 


leu  (»)i = (9r)E--  -«-<-^i>wi  n  n  (*  -  t*) 


Notice  that  the  conjugacy  class  of  g  in  G  (which  is  characterized  by  the  pairs  (a,,  bi) 
for  1  <  i  <  e)  determines  the  conjugacy  class  of  g  in  H,  that  is,  gG  fl  H  =  Then 
by  Lemma  4.1.3, 


N{G,NG{H),g)  =  N(G,  H,g)  =  \  ■  jgj^j 


and  by  Lemma  4.1.1, 


<n*i(m  x  N{G,Ng{H)i9)  _  1  |jV0(/Q|  |CG(g)|  _  |ff|  |CG(g)|  _ 
A*(Cr,  I\G{n),g)  —    ]G:Ng{h)1    ~r-     ]Gl       |CW(^>|     |G|  '  |C*(<7)f 


^ nlt (i - ^■g-.^^n^ic, (i-») 

that  is, 

n  n  a-*) 

«'=1  l<fc<r!>, 

rtG,Na(H),g)  =  fV-^t)ES-.«--M-^  •  .  (4.16) 

11 

i<fc<d 


Notice  that 


n  n  (i-f) 

i=l  l<k<rbi  .  . 

<      „     1  <  1 


Kk<d  7  r+Kk<d  ,  iA  V 

and 

11    V         ^  9r+l_?r  ~  <f  qr 

and  hence  from  (4.16)  we  get 

fi(G,NG(H),g)  <  q^d2+^-VZUZU™"i«>^b>b>  .  .  (4.17) 
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Since  -£j  <  q,  n{G,NG(H),g)  <  q'^-1)  whenever 


1  -r 


d2  +  r(r  -  1)  minia»  aj}hihj  +  1  <  -rf(r  "  l)  » 

t=i  j=i 


that  is, 


e       e  r  1 

rf(r  -  1)  +  r(r  -  1)       Yl  min{a«>  ai}6'6J  <  — d2  •  (4J8) 
t=i  j=i 

We  will  show  that  this  is  always  true,  unless  e  =  1,  ax  =  2  and  6,  =  1.  Since 

ee  ee  e  e<fC 

i=l  j=l  t=l  j=l  i=l  j=l  j=l 

equation  (4.18)  follows  from 

e  r  —  1 

<f(r  -  1)  +  d(r  -  1)  J]  6i  <  _  d*  ' 

j=i  r 

which  is  equivalent  to 

j=l  i=l 

If  ae  >  3  or  ae  =  2  and  6e  >  2  then  aebe  >  2  +  be  and  so  2  +  £j=i  &j  <  Ej=i  «A- 
This  proves  the  theorem  unless  ae  =  2  and  6e  =  1.  (Notice  that  ae  has  to  be  at  least 
2  because  ae  =  1  would  mean  g  =  I.) 

Now  assume  that  V  =  Vi  ©  V2,  ai  =  1,  6,  >  0,  a2  =  2  and  62  =  1.  Then 
e?  =  rai6i  =  2r  and 

e  e 

min{a,,  aj}&;6j  =  a\b\  +  2ai6i&2  +  «2^>2  —  ^i  +  26i  +  2  , 

:'=1  J=l 

hence  (4.18)  holds  whenever 

d(r  -  1)  +  r(r  -  1)(&2  +  26,  +  2)  <  —  rf2  , 

r 

rf  +  r(&2  +  26,  +  2)  <  -</2  , 

r 

e  1  E 

(r  J]  aA)  +  r{b\  +  26,  +  2)  <  -  (r      <!,•&,•)  2  , 
,=i  r  «=i 
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r(6,  +  2)  +  r(b\  +  2&x  +  2)  <       +  2)2  , 
62  +  36x+4<(&i  +  2)2, 

and  this  is  true  whenever     is  positive. 

Finally,  if  V  m  V2,i  then  J  =  2  and  by  (4.16), 


r-l 


n(i-£) 

n(G,Na(H),g)   =  .    *-*  __ 

Kfc<2r 


=  9"2r(r-l). 


and 


1       v         1  _  gr  -  1 

fc=r+l  /c=r+l 


n  o-?)>i-e?-' 

c=r+l 

This  proves  (6) 


Next,  assume  that  q  is  odd,  ^  is  even,  let  B  be  a  non-singular  symplectic  form 
on  V,  Ci  =  I(V,  B)  be  the  isometry  group  of  (V,  B)  and  Ht  =  H  n  /(V,  Further- 
more, assume  that  #1  contains  a  Singer  cycle  of  I(V,  B)  (that  is,  H\  ~  Spd(gr))  and 

r 

<7  G  //i  an  element  of  order  p  that  is  not  conjugate  to  any  element  of  NGl  (#i)  \  //i  in 
G\.  In  other  words,  NGl(Hi),g)  =  C{GuHug).  From  Lemma  2.2.9  we  know 

that  Hi  is  the  isometry  group  of  some  Fgr-linear  symplectic  form  on  V.  Namely, 
^  =  I{V,Bi)  where 

BnVxV  — >   Z(H)  U  {0} 

Kui  v 

)  t— >     ^  fi(uA-1,u)A. 

A€Z(//) 

Recall  from  the  proof  of  Lemma  2.2.9  that  we  also  have 

B(u,v)  =  -Tr(Bi(u,t;))  (4.19) 
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for  all  u,  v  e  V  where  Tr  is  the  trace  map  from  Z(H)  U  {0}  ~  Fqr  to  Z(G)  U  0  ~  F9. 
We  may  assume  that  the  decomposition  of  V  in  (4.13)  is  an  orthogonal  decomposition 
and  then  because  of  (4.19),  the  Bx-orthogonality  of  the  decomposition  V  =  ® -=1  K 
implies  the  B-orthogonality  of  the  decomposition  V  =  ® -=1  K- 

Lemma  4.4.2 

\ChM  q 


Proof:  By  Theorem  3.4.13, 

CGl(9)   =  ^-^'^'^^ 

i=i  k=\ 

chm  =  (^^'=iE-imin{o,'aj}6'6jnn 

i=i  *:=i  * 

where 


if  a,  is  even  and  r6,  is  odd  ; 


p(Vi,  B,g)  =  \  -t$- —     if  a,  and  r6,  are  both  even  ; 

9  *  ±1 

5"?        if  a,  is  odd  ; 


if  a,  is  even  and  b{  is  odd  ; 


p(Vi,  Bi,g)  =  ^  4tt —     if  «i  and  6,  are  both  even  ; 

g  *  ±1 

q  2  if  a,  is  odd  . 

The  statement  of  this  lemma  follows  if  we  can  show  that 


Since  obviously 


n-=i  nlf  (i  -  <  x 
m=i  ni!i  a  -  ^) " 


It  is  enough  to  show  that 

frP(Vi,B,g)  i 
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From  the  formula  given  above, 


p(Vi,B,g)  =1 
p(Vi,Bug)  ' 


whenever  a,  is  odd  or  a,  is  even  and  rfc,  is  odd.  Furthermore, 

p(Vi,B,g)  <q^  +  l  <q2  +  l  <  q{q+l)  =  q 
p{%Bug)-  q% -1"  92-l       92  ~  *       <?  ~  1 

if  both  a,  and  6,  are  even.  Finally,  if  a,  is  even,  hi  is  odd  and  r  =  2  then 

?(K,fl,<7)  <   9^    =    96<     <  9 
p{Vi,Bug)  ~  q^-1      ^.-1  -  9-l  • 


Hence 


This  completes  the  proof.  ■ 

Lemma  4.4.3  The  number  of  conjugacy  classes  of  Hi  that  fall  into  the  conjugacy 
class  of  g  in  G\  is  at  most 

Proof:  Because  of  Theorem  3.2.17,  for  each  1  <  %  <  e,  the  number  of  conjugacy 
classes  of  I(Vi,Bi)  that  fall  into  the  conjugacy  class  of  g  \y.  in  GL(K)  is  2  if  a,  is 
even  and  1  if  a<  is  odd.  Furthermore,  the  conjugacy  class  of  g  \y.  in  GL(Vi)  is  the 
intersection  if  the  conjugacy  class  of  g  \v.  in  GL(Vi)  with  GL(V<).  Therefore,  the 
number  of  conjugacy  classes  of  I(V{,  Bi)  that  fall  into  the  conjugacy  class  of  g  \v.  in 
I(Vi,  B)  is  1  if  a,  is  odd  and  is  at  most  2  if  a,  is  even. 

Since  the  conjugacy  class  of  g  in  I(V,  B\)  /and  in  I(V,B)/  is  characterized 
by  the  conjugacy  classes  of  the  restrictions  of  g  to  the  subspaces  V{  (1  <  i  <  e),  in 
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I(Vi,  Bi)  /and  J(VJ,  B),  respectively/,  it  follows  that  the  number  of  conjugacy  classes 
of  Hi  that  fall  into  the  conjugacy  class  of  g  in  G\  is  at  most  2k  where 

k  =  \{i  |  a,  even  }|  . 

Of  course,  then  YTi=i  a« 1S  greater  than  or  equal  to  the  sum  of  the  first  k  even  numbers, 
that  is, 

6  6  d 

k(k  +  1)  <  ]T]  a<  <  ^      =  -  , 


r 

i=i  t=i 


and  this  implies    <  . 


Theorem  4.4.4  Let  Gi  =  Spd(q),  q  odd,  $  even,  Spd(qr)  ~  Hx  <  Gi  and  g  € 
Hi\Z(Gi)  an  element  of  orderp  that  is  not  conjugate  to  any  element  of  A^g, (•flri)\^i- 

(a)         lf*  =  2  then  n(Gu  Na^H^g)  <  ■  . 

(6)         If- ±2  then  niGuNc^H^g)  <  -r±—  . 

r  q2av  l> 

By  the  previous  two  lemmas,  if  gi,g?...  ,gk  are  representatives  of  the  conjugacy 

classes  of  H  which  are  conjugate  to  g  in  G,  then 

U  |G/(<w)l  q 
Then  by  Lemma  4.1.3/(6), 

fxiGuNa^Hi)^)     <     |^{  •  95r('-1)^=iSJe=imin{a„aJ}6,6J  +  i  _  ^/i 

\G\ 


d2  ,  d 


**+*  nL  (i  -  & 

This  implies  that  fx(Gi,  Nq^Hi)^)  <  whenever 

7*         1  1  6         C  /i/  1 

rf2  +  -r(r  "  1)  2  S  min{a„  a,}^-  +  1  +  J-  <  --d(r  -  1)  , 
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that  is, 


1  1  e  e 

-d(r  -  1)  +  -r(r  -  1)  £  £  min^"  a^  +  1  +  V  r  "  IT*  ' 


e     e  2  /      4d  1 

d  +  rJ2E  min^' a^  +  \  K^TP  "  /  *  (4-20) 

i=i  j=i  V  v  ' 

Since 

ee  ee  e  e  e 

r      E  min{«n  <  r  E  E  a«b'^  =  (  E  ra'6')  (  E  6i)  =  d  E  6i 

t=l  j=l  i=l  j  =  l  «=i  j=i  i=i 

equation  (4.20)  is  true  whenever 


Ad        .  1 


d  +  dYjbj  +  — t  +  \  -< — ^  ' 

^        r  -  1      ]j  r(r  —  ly  r 


that  is, 


1  +  IT^-u  +  J  ^  4  re  +  E6^  7  =  EaA  •  (4-21) 

<f(r-l)     yrd(r-l)2     ^        r  ^ 

As  we  mentioned  in  the  proof  of  Theorem  4.4.1,  Y^j=i  +  2  <  £^=1  °.A  if  ae  >  3 
or  ae  =  2  and  be  >  2.  In  these  cases  we  also  have 


2  /  4 

1  +  d(r  -  1)  +  y  rd(r  -  l)2  ~2 

since  ae  >  3  implies  d  >  2a3  =  6,  |  <  |,  <  ^j,  and  ae2,  be  >  2  implies 

d  >  2ae6e  =  8,  |  <  5  and  <  |.  Hence  equation  (4.21)  holds  whenever  ae  >  3  or 
ae  =  2  and  6e  >  2. 

Now  suppose  e  =  2,  ai  =  1,  6x  >  0,  a2  =  2  and  b2  =  1.  Then  d  =  r(2  +  6X) 
and  in  this  case  the  number  of  conjugacy  classes  of  Hi  that  fall  into  the  conjugacy 
class  of  g  in  G\  is  at  most  two.  Therefore, 

fJt(Gl,NGl(Hi)yg)     <     9-^ld2  +  H-l)Er=1EJe=imin{a.,aJ}6,6J+l.2 
<  g-Hr-l)(2+6,)*+Hr-l)(&?+2»i+2)+2 
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and  fi(GuNGl(Hi),g)  <  q-^r~l)  =  g-H«-W+*0  whenever 

--r(r  -  1)(2  +  h)2  +  ir(r  -  1)(62  +  2bt  +  2)  +  2  <  --r(r  -  1)(2  +  60  , 
2  2  ^ 

that  is, 

(2  +  61)  +  (6^  +  261  +  2)  +  ^Ty   <   (2  +  602, 

4 

r(r  —  lj 

This  is  always  true  if  61  is  positive.  (Notice  that  since  J  =  2  +  61  is  even,  bi  has  to 
be  an  even  integer.) 

Finally,  consider  the  case  when  e  =  1,  a\  =*  2  and  61  =  1.  Then  *  =  a\b\  =  2 
and  From  Theorem  3.2.16, 

\Cai(g)\    =   ,^)2nltJ  (l-£)-p{V,Byg) 


^•2 

<?2 


=  ^11(1-3) 


A:=l 


~2  if  r  =  2 


Furthermore, 

|^|  _        ?2r+ra-^)         _  „-2r(r-l) 


iGii  ^  nui  a  -  £J  9  ie2(i-jM 

and  Therefore,  by  Lemma  4.1.3/(6), 

LfJ         .  . 


=  2-9--('-1) 


<   2-<Tr(r-1)  -  

9    nr=,+1  (1  -  *) 
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if  r  is  odd,  and 

,2  -4 


niGuNa^H^g)   <   2  •  q<  ■  q~*  ■  -^—^ 


q*-  1  ' 

if  r  =  2. 

Theorem  4.4.5  Let  Gi  =  Spd(q),  q  and  f  odd,  GUi{q2)  ~  Hx  <  d  and  g  € 
Hi\Z(Gi)  an  element  of  order  p  that  is  not  conjugate  to  any  element  of  NGl(Hi)\Hi. 
Then 

MGi,AU#i))<^- 


By  Theorem  3.4.12, 


icw,)!  =  fix.=fc.-*«)*nn(i-L3L) 

i=i  *:=i  q 

by  Theorem  3.4.13, 

i=l  fc=l  ^ 

e 

t=i 

where 

I  4xt    if  a  is  even  ; 
p(Vi,B,g)=    ^  ' 
I  ^        it  a  is  odd  . 

Also, 

m  *  nt  (i  -  !#) 
|Gi1  **+«nL(i-±) 


And  because  of  Theorem  3.3.8,  the  conjugacy  class  of  g  in  Gi  (even  more,  the  con- 
jugacy  class  of  g  in  GL(V))  intersects  Hi  in  a  single  conjugacy  class  of  H\.  Now,  by 
using  the  formula  given  in  Lemma  4.1.3/(6), 

\Hi\  \CGl(g)\ 


r(GuNai(Hi),g) 


\Gi\  \CHl{g)\ 

e 


e 


i=l 

and  the  statement  of  this  theorem  holds  whenever 

g4-f+E?.i  EJ-i  -Mi^JJ,^        <  9x  .  (4.22) 


d  3xVe 

_J    111111^1*1, WJJV|VJ 

Since 


t=l  «=1 

and 

e      e  e  ^  e 

X^  X^  min{a«'  aj}&<^  <  X!  £  a,6'6j  =  2   &j ' 

t=i  j=i  t=i  j=i  j=i 


(4.22)  is  true  whenever 


d     3     ,d     ,s  v—v ,      .  cP 

2-2  +  (2+1)S^   5   T  ' 
i=i 


2d  -  6  +  2{d  +  2)  X]  &j  <  d2  ■ 
i-i 

As  we  already  mentioned  it  before,  Y^j=i  bj  ^  lCj=i  aA  —  2  =  |  -  2  if  either  ae  >  3 
or  ae  =  2  and  6e  >  2.  In  that  case, 

2d-6  +  2(d  +  2)J2bj   <   2d-6  +  2(d  +  2)(--2)=2d-6  +  (d  +  2)(d-4) 

=   2d  -  6  +  (d2  -  2d  -  8)  <  d2  . 

Now  suppose  that  ai  =  1,  &i  >  0,  a%  —  2  and  62  =  1-  Then  <f  =  2(&i  +  2), 
ELi  Ej-i  min{a„  a^Mj  =  62  +  2bx  +  2  and  £J.,  67  =  6,  +  1,  therefore  (4.22)  holds 
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whenever 

(?(6l+2)-f+(6?+261+2)+(61  +  l)     <  q(bi+2)2 

(61+2)-^  +  (6?  +  2&1+2)  +  (61  +  l)   <   (6X  +  2)2 

b2l+4bl  +  7-    <  + 

and  this  is  true  for  any  integer  &i. 

4.5    Case  IV:  Elements  of  Order  v  Acting  Non-Triviallv  on  an  Extension  Field 

Throughout  this  section,  d  is  a  positive  integer,  p  is  a  prime  divisor  of  d  and 
q  is  a  power  of  p.  Furthermore,  we  will  use  the  notation  Va,b  as  in  the  previous 
section,  for  the  direct  sum  of  b  copies  of  the  a-dimensional  quotient  of  the  regular 
F,Zp-module. 

Lemma  4.5.1  Let  V  be  a  vector  space  of  dimension  d  over  F9,  G  -  GL(V),  H  a 

subgroup  of  G  such  that  GLd(qp)  and  g  €  NG(H)  \  H  with  gp  =  I.  Then 

p 

P'p 

as  Fq(g) -modules. 

Proof:  Let  F  =  Z(tf)U{0},  so  F  ~  F„P,  and  let  j3  =  {vuv2,. . .  be  a  basis  of  V 
over  F.  Let  ibea  normal  element  of  the  extension  F|F„  that  is,  {z,  z?, . . .  ,  xqP  } 
is  a  basis  of  F  over  F?.  Then  the  set 

{vixql  II  <  i  <  -,  0  <j  <p-  1} 
P 

is  a  basis  of  V  over  F,  and  if  we  define 

a  :  V  — >  V 
ViXq  i — y  V{XV  , 

then  NG(H)  =  (a)  K  H.  Notice  that  we  also  have  (i>,a)<r  =  ViQ.q  for  all  i  and  q  6  F,P. 
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Let  R  be  the  set  of  F,P-linear  transformations  of  V  that  correspond  to  the 
lower  unitriangular  matrices  with  respect  to  the  basis  (3.  That  is,  h  €  H  belong  to  R 
if  and  only  if  v{h  -  u,  €  (vj  \  j  <  i)  for  each  1  <  »'  <  Then  R  is  a  Sylow  p-subgroup 
of  H,  a  €  NG(H)  and  (<r)  •  R  is  a  Sylow  p-subgroup  of  NG(H).  Therefore,  we  may 
assume  that  g  =  oM  for  some  matrix  M  in  R. 

For  each  0  <  k  <  J  let 

Vi  =  {t*^  |l<i<^,0<i<p-l}. 

Then  {0}  =  V0  <  V\  <  ■  ■  ■  <  V±  =  V  and  for  any  k,  \4/Vjt_i  as  a  vector  space  over 

F,  is  generated  by  the  set  {i^x9'  +  Vk-i  I  0  <  j  <  p  -  1}.  Note  that  M  acts  trivially 

on  Vk/Vk-i  and  a  maps  vkxq3  +  Vk-i  to  vkxq3^  +  Vk-l,  therefore  {0}  =  V0  <  Vi  < 

. . .  <  Vd  =  V  is  a  composition  series  of  the  F,(sf)-module  V  with  each  of  its  quotient 
p 

isomorphic  to  the  regular  F,{p)-module.  This  means  that  V  is  isomorphic  to  a  direct 
sum  of  -  copies  of  the  regular  F,,(#)-module.  ■ 

Theorem  4.5.2  Let  G  =  GLd(q),  GLd(qp)  ~  H  <  G  and g  €  NG(H)\H  an  element 
of  order  p. 

1 

(a)  Ifd^p  and  {d,p)  ?  (4,2)  then  n{G,NG{H),g)  <  ; 

(b)  If(d,p)  =  (4,2)andq  =  2then  fi(G,  NG(H),g)  <  -  ; 

3 

(c)  //  (d,  p)  =  (4, 2)  and  q  >  4  then  fi(G,  NG(H),g)  <  —  ; 

(d)  Ifd  =  p  then  n(G,  NG(H),  g)  <  . 

Proof:  From  Theorem  3.1.3, 

icc(!,)i=/i)2.f[(i-^)=^ri(i-i)- 

k=l  H  k=\  H 

Eventually  we  will  use  Lemma  4.1.2,  but  in  order  to  do  that,  we  need  an  upper  bound 
for  \C(G,  NG(H),g)\.  If  h  G  H  is  conjugate  to  g  in  G  then  h  is  a  homogeneous  element 
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of  order  pin  H  ~  GLd(qp).  Now,  there  is  only  one  conjugacy  class  of  such  elements 

p 

in  GLa(qp)  and  by  Theorem  3.1.3,  the  cardinality  of  it  is 
p 

igm^i  nL(i-£) 

—  q  p    p  • 


(*f  (*>  ■  nt  (i  -  &  (i  -  & 

and  we  have 

C{G,H,g)<q*-$  . 

Furthermore,  from  Lemma  4.3.8,  the  number  of  elements  of  order  p  in  NG{H)  \  H  is 
at  most 

igl^)i       £_4  nLa-jg)  4.4 
|GL^(9)I  nu(i-*) 

The  above  gives  us 

|C(G,iMff),flf)|  *P'V~$  <  • 
Now,  by  Lemma  4.1.2, 

H{G,NG{H),g)   =   h=  


< 


q         nti+J  (i  -  *) 


<  2.9-(^)+1 


p 

2 


since 


i  i  i  ii 

Statement  (a)  now  follows  if  we  can  prove  that 

_(feziii)«  +  2S-*-l). 


that  is, 

(p-l)d  +  2<(^)\ 

2  (p-l)d 
L*(p-l)d-     f  • 

Taking  n  =  -  this  is  equivalent  to 

n        2  <n(p-l) 
np(p  —  1)  —  p 

and  this  is  true  whenever  n  >  3  or  n  =  2  and  p  >  3. 
Suppose  (d,p)  =  (4,2).  Then  as  above, 

d 

,2  P 


KWrti-^j'-no-iw-KX1-?) 


ni,  (i  -  »  ' 

the  number  of  involutions  in  Nq{H)  \  H  is 

|GL2(9)| 

and 

fc=i  ^ 

This  leads  to 

li(G,Na(H),g)  <  ,(93_  1)^-1) 

If  g  =  2  then  the  right  hand  side  here  is  ^  <  \  and  if  <?  >  4  then 


2q4  +  q3  +  q2  +  q-l      2q4  +  2g3  =  1     2  +  j  3 

98  _  95  _  ^  +  9        <    qS  _  2?5         ?4  *  !  _   2.  g4 

Finally,  assume  that  d  =  p.  Then  as  above, 

d 
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there  are  no  elements  of  order  p  in  H  ~  the  number  of  elements  of  order  p  in 

NG(H)  \  H  is 

\GU(qP)\  =  9P-1 

|GLX(9)|      g-1  ' 
9p(l  -  i)  • 


hence 


Li(G,NG(H),g)  < 


 1  

^-2P+1  Jjj-J  (1  _ 

 1  

g<*-i>anU(i-£) 

2 


-    g(p-i)2  ' 

The  proof  of  this  Theorem  is  now  complete.  ■ 

Theorem  4.5.3  Let  G  =  SPd{q),  q  =  Pf ,  P  and  odd  prime  divisor  of  d,  Sp±(qp)  ~ 
H  <  G  and  g  £  Ng(H)  \  H  an  element  of  order  p.  Then 

mNa(H),g)<-^. 

Proof:  We  will  follow  exactly  the  same  line  of  reasoning  as  in  the  proof  of  the 
previous  theorem.  By  Theorem  3.2.16, 

d_ 

icbwi  -    n  (i  -  4)  ■ 

k=l  H 

Since  p  is  odd,  by  Theorem  3.2.17,  h  may  have  only  one  conjugacy  class  that  is 
conjugate  to  g  in  G,  and  if  h  G  H  is  conjugate  to  g  then  d  has  to  be  divisible  by  p2 
and 

d 

1  d    i   d  J-r  /  I  \ 

cH(h) = ni1-^)' 


fc=l 


na.  (i  - 


175 

and  by  Lemma  4.3.9,  the  number  of  elements  of  order  p  in  Ng(H)  \  H  is  at  most 

fr  -  »)5«gu  - 1)  «f!  nf (;  -  *>  < » -  **->^> , 

hence 

|C(G,  Af0(ff),9)l  <  V  ■  ,'"-,,^+^  <  ,*<-"^+«)+1  . 
Then  by  Lemma  4.1.2, 

|CG(flf)|.|C((?,Afe(H))| 


< 


< 


|G| 

g2T2  2 


9-l.£=l(t?+<0+|(p-l)(^+f)+ 


and  the  statement  of  this  Theorem  is  true  whenever 

d(p-l)  +  (p-l)(4  +  -)+3   <  ^V+</), 
vpa     p'  p 

,    d2     d       3  c^  +  rf 

+  -  +   7     <    • 

p        P      P  —  I  P 

Since  d  =  np  for  some  positive  even  integer  n,  this  is  equivalent  to 

3 

np  +  n2  +  n  H   <   n2p  +  n  , 

p-1 

3 

np  +  n2  H   <   n2p  , 

p-1 

11  3 

n     p     n^p^p  —  1) 

Since  p  >  3  and  n  >  2,  we 

I     I  3  1     1  j^_23 

n  +  p"  +  n2p(p  -  1)  ~2  +  3  +  24~24< 

and  this  completes  the  proof.  ■ 
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4.6    Upper  Bounds  for  the  Fixed  Point  Ratios  of  Arbitrary  Elements 

Theorem  4.6.1  Let  G  =  GLd(q),  d>3,  (d,q)  ^  (3,4),  GL±(qr)  ~H<G  with  r  a 
prime  divisor  of  d  and  let  g  €  G\  Z(G). 
(a)  Suppose  d  is  a  prime  number.  Then 


ti(G,Na(H),g)<{ 
(b)  Suppose  d  =  4  and  r  =  2.  Then 


1     ifq  =  2; 
p(G,Na(H),g)<{±    ifq  =  3 / 


$  ifq>* 


(c)  Suppose  d  =  2r  >  6.  Then 


(d)  Suppose  d  >  2r.  Then 


^G,NG(H),g)<-£zr) 


q 

Proof:  Since  for  any  g  6  G  and  positive  integer  k, 

»(G,NG(H),g)<n(G,NG(H),gk), 

it  is  enough  to  prove  this  theorem  for  elements  that  have  prime  order  modulo  the 
center  of  G.  Furthermore,  if  g  e  G  ha  order  p  modulo  the  center,  then  there  ex- 
ists an  a  in  F,  such  that  gp  =  al  and  (a-1gr)p  =  /,  and  clearly  n(G,NG(H),g)  = 
li(G,NG(H),ag).  This  implies  that  it  is  enough  to  prove  this  theorem  for  elements 
of  order  p  and  for  those  p'-elements  that  have  a  prime  order  modulo  Z(G).  These 
are  the  elements  we  studied  in  the  previous  four  sections.  Now,  (a)  follows  from 
Lemma  4.2.10,  Lemma  4.3.17  and  Theorem  4.5.2/(d);  part  (b)  follows  from  Theo- 
rem 4.2.9,  Lemma  4.3.13,  Theorem  4.4.1/(a)  and  Theorem  4.5.2/(6),  (c);  part  (c)  fol- 
lows from  Theorem  4.2.9,  Lemma  4.3.12,  Theorem  4.4.1/(a)  and  Theorem  4.5.2/(a); 


177 


and  statement  (d)  follows  from  Theorem  4.2.9,  Lemma  4.3.12,  Lemma  4.3.13,  Theo- 
rem 4.4.1/(6)  and  Theorem  4.5.2/ (a).  ■ 

Theorem  4.6.2  Let  G  =  Spd(q),  q  odd,  ±  even,  (d,q)  /  (4,3),  Sp*(qr)  ~  H  <G 
with  r  a  prime  divisor  of  d  and  let  g  €  G\  Z(G).  Then 


li(G,Na(H),g)<< 


92-l 
3 

,r(r-l) 
1 

i«*(r-l) 


if  d  =  4  and  r  =  2  ; 
if  d  >  4  and  r  =  |  ; 
ifr<\. 


Proof:  For  the  same  reason  as  in  the  previous  theorem,  it  is  sufficient  to  prove 
these  inequalities  for  those  elements  discussed  in  Sections  4.2-4.5.  The  (d,  r)  —  (4, 2) 
case  follows  from  Theorem  4.2.20/(6),  Lemma  4.3.15/(6)  and  Theorem  4.4.4/(a). 
The  d  =  2r  >  4  case  follows  from  Theorem  4.2.20/(6),  Lemma  4.3.15/(a),  Theo- 
rem 4.4.4/(a)  and  Theorem  4.5.3.  Finally,  the  r  <  f  follows  from  Theorem  4.2.20/(a), 
Lemma  4.3.14,  Lemma  4.3.15/(a),  Theorem  4.4.4/(6)  and  Theorem  4.5.3.  ■ 

Theorem  4.6.3  Let  G  =  Spd(q),  q  and  f  odd,  either  d  >  2  or  q  £  {2, 3, 5,  7, 9}, 
GUi{q2)  ~  H  <  G  and  let  g  e  G  \  Z{G).  Then 

-  if  d  =  2  and  q  =  1  (mod  4)  ; 

-P^r    ifd^2andq  =  S(mod4); 

q(q-l)  ■> 


v(G,NG(H),g)<{ 


[j=s  ifd>6. 

Proof:  The  d  =  2  case  follows  from  Lemma  4.2.10  and  Lemma  4.3.16  and  the  d  >  6 
case  follows  from  Theorem  4.2.21,  Lemma  4.3.16/(c)  and  Theorem  4.4.5.  ■ 


CHAPTER  5 

LOWER  BOUNDS  FOR  THE  CARDINALITY  OF  A(G) 

Notation:  Let  G  be  a  finite  projective  special  linear  or  a  finite  projective 
symplectic  group.  For  a  prime  divisor  r  of  d,  let  M.r  denote  set  of  the  extension 
field  type  maximal  subgroups  of  G  that  correspond  to  the  prime  r,  let  Mr  be  a 
representative  element  of  M.r  and  let 

n{M.r)  =  max^fj,(G,  Mr,g)  . 

Notice  that  fx(Air)  does  not  depend  on  the  choice  of  Mr. 

We  call  aset«ScG'\{l}  weakly  anti-generating  if  for  every  Singer  element 
x  of  G  there  is  an  element  s  in  S  such  that  (x,  s)  ^  G.  Furthermore,  let  AW(G)  denote 
the  minimal  possible  cardinality  of  a  weakly  anti-generating  set  of  G. 

Lemma  5.1  Let  G  =  PSLd(q)  with  d>3  and  (d,q)  /  (3,4)  or  G  —  PSpd(q)  with  q 
odd  and  (d,q)  <£  {(2, 3), (2, 5), (2, 7), (2, 9), (4, 3)}.  Then 

MG)  ■  (  £  f*(Mr))  >  1  • 

r£7r(d) 

Proof:  With  the  above  conditions  for  G,  the  set  of  maximal  overgroups  of  a  Singer 
element  x  consists  of  one  representative  group  from  each  set  Mr.  This  means  that 
for  any  1  /  g  e  G,  the  probability  of  {g,  s)  ^  G  is  at  most  (  Y^r£*(d)  t*(Mr))-  Hence 
for  any  weakly  anti-generating  set  S  we  must  have 

\s\  ■  (  £  KMr))  >  i 

rG7r(d) 

and  this  implies  the  statement.  ■ 


178 


179 

Theorem  5.2  Let  G  =  PSLd(q)  with  d>3  and  (d,q)  ^  (3,4). 


2(d- 

i)2 

7(d 

-1) 

3(d- 

i)2 

3(d- 

-1) 

,<-- 

i)2 

2(d- 

-1) 

(d)  Ifd  =  4andq  =  2  then  AW{G)  >  6  ; 

(e)  Ifd  =  \andq  =  3  then  AW(G)  >  20  ; 
0  //d  =  4  and  g  >  4  then  AW(G)  >  ^  ; 
faj  7/d  =  6  ^en  AW(G)  >  qd  -  2  ; 

(h)  If  d  >  6  and  d  is  not  a  prime  then  AW(G)  >  qd  . 

Actually,  if  r  is  the  smallest  prime  divisor  of  d  and  r  >  3  then  AW(G)  >  q^'1^  — 
qlr-Vd  +  l. 

Proof:  The  entire  proof  is  based  on  using  Lemma  5.1  and  the  results  of  Theo- 
rem 4.6.1.    If  d  is  a  prime  then  AW(G)  ■  fi(Md)  >  1  and  the  statement  follows 
immediately  from  Theorem  4.6.1/(a).  If  d  =  4  then  similarly,  AW(G)  ■  n{M2)  >  1 
and  statements  (</),  (e)  and  (/)  follow  from  Theorem  4.6.1/(6). 
Suppose  d  =  6.  Then 

Aw(G).(n(M3)  +  ii(M3j)  >1, 

3  3       ^  ~\~  3 

fx(M2)  +  fi(M3)  <  +  =  -  +  —  =  <^r  , 

A  (r,  >    912       <?V  +  3)  -  3g6      6      396  6 
Suppose  d  =  2r  with  a  prime  number  r  that  is  at  least  5.  Then 
Aw(G)-^(M2)  +  fi(Mr))  , 
,  w  *      ,  n  ^     1  3         92r(r_2)  + 3 

+  MA<r)  <  ^  +  ^  =       g2r(r-1}  , 

,  (n  >    92r(r-x)    _  g2  Vr(-2>  +  3)  -  3g»  _  2r  d 

^  92r(r-2)  +  3  "  ^(r-2)  +  3  ~  <?  92r(r-2)+3  >  <?         1  ' 
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Finally,  suppose  that  d  is  neither  a  prime  number  nor  twice  a  prime.  Then 

1  °°    1  1 

E  ^Mr">  ^  E  -oK^T)  <  E^  =  7731  ' 

r6ir(d)  r€7r(d)  H  *=1 

A«,(G)  >  9d  -  1  • 
If  r  is  the  smallest  prime  divisor  of  d  and  r  >  3  then 


1 

E  M^)<E^rr 


1  q 


2d 


re7r(d)  k=0H 


Theorem  5.3  Lei  G  =  PSw(?)  9  odd  and  (d,o)  /  (4,3),  (2,3),  (2,5),  (2,7)  or 
(2,9). 

(a)  If  d  =  2  and  o  =  1  fmorf  4j  Men  A^G)  >  q  ; 

(b)  Ifd  =  2  andq  =  3  (mod  A)  then  AW(G)  >  ; 

(c)  Ifd  =  4  then  AW{G)  >q  ; 

(d)  Ifd  =  6  then  AW{G)  >  q4  -  3q2  ; 

(e)  If  d  =  2r  with  a  prime  number  r  >  5  then  AW(G)  >  qd~2  ; 

(f)  If  d  =  2r  with  r  an  odd  composite  number  then  AW(G)  >  qd~2  —  qd~4  ; 

(g)  lfd  =  0  (mod  4)  and  d  >  8  then  AW(G)  >  q^d  . 

Proof:  The  proof  is  based  on  Lemma  5.1  and  the  results  of  Theorem  4.6.2  and 
Theorem  4.6.3.  Parts  (a),  (b)  and  (c)  are  straightforward  form  these  theorems. 
Suppose  d  =  6.  Then 

AW(G)  ■  (fi(M2)  +  n(M3))  >  1  , 

/ .  j  ^      /wn^1  3         1      3      q2  +  3 

li(M2)  +  H(M3)  <  ^  +  ^  =  -  +  -  =  —  , 

A  (r,  >     <f        <?V  +  3)  -  3g4      4       3q4        4  2 
<?2  +  3  g2  +  3  q2  +  3 
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Suppose  d  =  2r,  r  a  prime  number  and  r  >  5.  Then 

AW{G)-  (ii(M3)  +  n(Mrj)  >1, 

1          3        g0-2)('-i)  +  3 
^(Ai2)  +  /^Mr)  <  ^  +  ^ttT)  =  ^TTij  > 

gr(r-X)  ^  g2(r-l)(g(r-2)(r-l)  +  3)  _  3<?3(r-l) 

^  9(r-2)(r-l)  +  3  =  9(r-2)(r-l)  +  3  ~ 

=  02(r-l)  ^^"^          >  ^(r-l)  _  ! 

9  9(r_2)(r_1)  +  3  >  V 

Suppose  d  =  2r  with  r  an  odd  number,  which  is  a  product  of  at  least  two 
primes.  Then 

V-  1         V-        1  1  1 


1  1  gd  +  qd~2  -  1 

~  ^=2  +  9d  _  !  _    ?2d-2  _  ?d-2  ' 

a  tr\  »  92j-2 - <?d"2  .  g2d-2 - gd-2  _  ^-l 

*«,^  >  qd  +  qd-2  _1>     qd  +  qd-2         q2  +  1 

g2  +  i         v      q  ' 

Finally,  suppose  d  =  0  (mod  4)  and  d  is  at  least  8.  Then 

rgir(«0  r€7r(d)  9  fc=l  y  V  1 

Aw{G)>q*-l.  m 


Theorem  5.4  Let  G  ~  PSL2{q)  with  q>4. 

(a)  If  q  is  even  then  A(G)  =  AW(G)  =  q  —  1  ; 

(b)  Ifq  =  1  (W<i  4J  and  q  >  13  tfien  A((?)  =  AW(G)  =  g  ; 

(c)  7/9  =  3  (mod  4)  and  q  >  11  ffcen  /1(G)  >  9  -  3  ; 

(d)  Ifq  =  5orq  =  9  then  A(G)  =  3  ; 

(e)  If  q  =  7  then  A(G)  =  5  . 


Proof:  (a)  Suppose  q  =  2}  with  /  >  2.  By  Theorem  2.3.6  the  only  maximal 
subgroups  of  PSL2(<?)  containing  a  Singer  cycle  are  isomorphic  to  the  dihedral  group 
D2(q+i)  of  cardinality  2(9+1).  Let  5"  be  a  fixed  Singer  cycle  of  G  and  let  N  be  the 
normalizer  of  S  in  G.  Now  if  1  ^  g  e  S  then  by  the  formula  given  in  Lemma  4.1.2, 

(r  N   v  _  \CG(g)\-\C(G,N,g)\  _  \S\.\_        g  +  1        _  1 
MG,/V,<7)-  |G|  -    (G|    -{q_l)q{q+1)  (,_!),' 

and  if  g  G  N  \  S  then 

tr  N  n\  -  \Cg{9)\-\C{G,N,9)\  _      q-(g+l)      =  J_ 
p{G,N,g)-  |G|  9-1- 


Therefore, 


and  as  in  Lemma  5.1, 


AW(G)  ■  ^—  >  1  , 
9  -  1 

AW{G)  >  9  -  1  • 

On  the  other  hand,  we  will  show  that  the  non-trivial  elements  of  a  Sylow  2-subgroup 
P  of  G  form  an  anti-generating  set.  Notice  that  every  element  of  G  is  either  an 
involution,  or  is  contained  in  a  cyclic  subgroup  of  order  9  +  1  or  9  —  1.  Obviously, 
if  g  e  G  is  an  involution  then  (g,x)  ^  G  for  any  x  €  P*  =  P  \  {1}.  Suppose 
g  G  G  and  g  is  contained  in  a  cyclic  subgroup  H  of  order  9  +  1.  Then  P  fl  Nq{H) 
must  be  non-trivial,  since  Nq(H)  contains  9  +  1  involutions,  the  same  number  as 
the  number  of  Sylow  2-subgroups  in  G,  and  no  Sylow  2-subgroup  can  have  more 
then  one  involution  in  common  with  Ng(H)  (as  any  two  involutions  in  P  generate 
a  subgroup  of  order  4  and  4  does  not  divide  the  order  of  Nq(H)).  So  there  is  a 
non-trivial  element  x  in  P  D  Nq(H),  for  which  then  (g,x)  ^  G.  Now  suppose  g  €  G 
and  g  is  contained  in  a  cyclic  subgroup  H  of  cardinality  9  —  1.  If  H  normalizes  P  then 
obviously  (g,x)  ^  G  for  any  x  in  P*,  so  let  us  assume  that  H  does  not  normalize 
P.  Now,  Nq(H)  \  H  is  a  set  of  9  —  1  involutions,  none  of  which  belong  to  a  Sylow 
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2-subgroup  that  normalizes  P.  Furthermore,  no  Sylow  2-subgroup  can  contain  more 
then  one  of  these  involutions.  And  since  the  number  of  Sylow  2-subgroups  of  G  not 
normalizing  H  is  exactly  9  —  1,  it  follows  that  NG(H)  has  a  non-trivial  intersection 
with  any  Sylow  2-subgroup  of  G  that  does  not  normalize  H.  In  particular,  there  is  a 
non-trivial  element  1  in  P  D  NG(H),  for  which  then  {g,x)  /  G.  This  shows  that  P* 
is  an  anti-generating  set  in  G. 

(b)  Suppose  q  =  pf  =  1  (mod  4)  and  q  >  13.  By  Theorem  5.3/(a),  A(G)  >  q. 
In  order  to  prove  that  A(G)  =  q,  we  will  give  an  example  of  an  anti-generating  set 
in  G  of  cardinality  q.  Let  P  be  a  Sylow  p-subgroup  of  G  and  let  N  =  Nq(P).  Then 

N  ~  Zq-i  k  P  and  N  contains  q  cyclic  subgroups  of  order        with  any  two  of  them 

2 

intersecting  trivially.  In  particular,  N  contains  q  involutions.  Let  X  denote  the  set  of 
involutions  of  N;  we  will  show  that  X  is  an  anti-generating  set  in  G.  In  order  to  do 
that,  first  notice  that  every  element  of  G  belongs  either  to  a  Singer  cycle  of  G  (that 
is,  a  cyclic  subgroup  of  order  or  to  the  normalizer  of  a  Sylow  p-subgroup.  Now 
let  g  be  any  element  of  G.  If  g  e  NG(Q)  for  a  Sylow  p-subgroup  Q  of  G  then  since 
Ng(P)  and  Nq{Q)  have  a  cyclic  subgroup  of  order  ^  in  common,  (g,x)  <  Ng(Q) 
for  a  suitable  x  G  X.  If  g  E  S  for  a  Singer  cycle  S  in  G  then  (g,x)  <  NG(S)  for  a 
suitable  x  €  X.  This  is  true  because  Nq(S)  \  S  consists  of  ^  involutions,  every  one 
of  them  is  normalizing  two  Sylow  p-subgroups  of  G,  no  two  of  then  can  normalize  the 
same  Sylow  p-subgroup,  and  the  number  of  Sylow  p-subgroups  of  G  is  exactly  q+1. 
This  implies  that  one  of  the  involutions  of  Nq(S)  normalizes  P  and  thus  belongs  to 
X.  The  above  arguments  show  that  X  is  indeed  an  anti-generating  set  in  G. 

Statement  (c)  follows  immediately  from  Theorem  5.3/(6)  since  9^j+P  >  q  —  A 
for  any  positive  integer  q.  Also,  for  q  —  5,  (d)  follows  from  (a)  as  PSL2(5)  ~  PSL2(4). 

To  prove  (d)  for  q  —  9,  let  G  be  the  alternating  group  A%  and  we  will  show 
that  A(G)  =  3.  First  we  give  an  example  for  an  anti-generating  set  in  G  with 
cardinality  3.  Let  X  =  {(1 2)(34) ,  (1  2)(56) ,  (34)(56)}.  If  g  €  G  and  g  stabilizes  a 
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point  a  6  {1,2,3,4,5,6}  then  obviously  (g,x)  <  GQ  for  some  x  €  X.  If  g  does  not 
stabilize  any  point  then  g  is  either  a  product  of  two  3-cycles  or  the  product  of  a  2- 
cycle  and  a  4-cycle.  Suppose  g  =  (a/3j)(Sfjii/)  with  {a,  /?,  7, 6,  ft,  v)  =  {1, 2, 3, 4, 5, 6}. 
If  {1,2}  C  {a,/?, 7}  then  (g,x)  <  G{a^n)  for  a  suitable  x  G  X  and  the  same  is  true 
if  {3,4}  C  {a, (3, 7}  or  {5,6}  C  {a,/?, 7}.  In  any  other  case,  (g,x)  stabilizes  the 
decomposition  {1,2,3,4,5,6}  =  {a,/?, 7}  U  {8,n,v}  for  each  x  €  X.  Now  suppose 
that  g  =  (ap)(i8fiv).  If  {a,  /?}  =  {1, 2}  or  {3, 4}  or  {5, 6}  then  (g,  x)  <  G{a>(3}  for  any 
x  e  X.  Otherwise,  for  symmetry  reasons,  we  may  assume  that  (a/3)  =  (1  3).  Then  g 
stabilizes  one  of  the  set  decompositions  {1, 3}  U  {2, 4}  U  {5, 6},  {1,2,5}U{3,4,6}  and 
{1,2,6}  U  {3,4,5}  (corresponding  to  the  cases  when  2g2  =  4,  5,  or  6,  respectively). 
Since  all  of  these  three  decompositions  are  also  stabilized  by  (1  2)(34),  it  follows  that 
(g,  (12)(34))  /  G.  This  shows  that  X  is  an  anti-generating  set  in  G. 

Next,  we  prove  that  there  is  no  anti-generating  set  of  cardinality  2  in  G.  Let 
A  denote  the  set  of  point  stabilizers  in  G  and  let  B  denote  the  other  conjugacy  class 
of  the  subgroups  of  G  isomorphic  to  A5. 

Claim  1:  A  3-cycle  and  a  5-cycle  generate  A6  unless  they  have  a  common  fixed  point. 
Proof:  If  g  is  a  3-cycle  and  h  is  a  5-cycle  with  (g,  h)  transitive,  then  (g,  h)  is  also 
double-transitive.  And  in  general,  any  double-transitive  group  that  contains  a  3-cycle, 
also  contains  the  whole  alternating  group. 

Claim  2:  If  g  is  a  3-cycle  and  H  €  B  then  there  are  12  5-cycles  in  H  that  generate  G 
together  with  g. 

Proof:  There  are  24  5-cycles  in  H  and  every  stabilizer  subgroup  contains  exactly  four 
of  them.  The  rest  follows  from  Claim  1. 

Claim  3:  If  g  is  a  product  of  two  disjoint  3-cycles  and  H  G  A  then  there  are  12 
5-cycles  in  H  that  generate  G  together  with  g. 

Proof:  This  follows  from  Claim  2,  since  there  is  an  automorphism  of  G  that  moves  g 
into  a  3-cycle  and  moves  H  into  a  subgroup  in  B. 
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Claim  4:  If  g  is  an  involution  in  G  then  g  is  contained  in  two  members  of  A  and  in 
two  members  of  B.  Therefore,  if  H  G  A  U  B  and  g  £  H  then  there  are  16  5-cycles  in 
H  that  generate  G  together  with  g. 

Proof:  The  first  statement  is  obvious.  Suppose  H  €  A  with  g  £  H.  Then  H  has 
24  5-cycles,  from  which  4  is  contained  in  each  member  of  B,  so  there  are  8  of  them 
contained  in  one  of  those  members  of  B  containing  g.  The  rest  has  to  generate  G 
together  with  g. 

Claim  5:  If  g  is  a  5-cycle,  H  €  A  U  B  and  g  £  H  then  there  are  20  5-cycles  in  H  that 
generate  G  together  with  g. 

Proof:  Suppose  H  €  A.  There  is  one  member  of  B  containing  g  and  it  also  contains  4 
of  the  5-cycles  of  H.  Any  other  5-cycle  of  H  generates  G  together  with  g.  A  similar 
argument  can  be  used  if  H  €  B. 

Claim  6:  If  g  is  an  element  of  order  4  in  G  then  for  any  5-cycle  h  G  G,  (g,  h)  =  G. 
Proof:  Any  maximal  subgroup  of  G  containing  a  5-cycle  is  isomorphic  to  A$,  and  A5 
does  not  have  elements  of  order  4. 

Claim  7:  If  g\  and  g2  are  both  fixed  point  free  3-elements  in  G  and  H  €  B  such  that 

gi  £  H  and  g2  £  H  then  for  any  5-cycle  h  €  H,  (gi,h)  =  (g2,  h)  =  G. 

Proof:  Let  <p  be  an  automorphism  of  G  that  maps     and  g2  into  3-cycles  and  maps 

H  into  a  member  of  A.  Then  since  </i ,  g2  £  H,  the  fixed  point  of  H(p  is  not  a  fixed 

point  of  gi  or  g2  and  by  Claim  1,  we  have  (gi,h)  =  (g2,h)  —  G. 

Claim  8:  If  g  is  a  3-cycle  and  h  is  the  product  of  two  disjoint  3-cycles  such  that 

[g,h]  ?  1  then  {g,h)  =  G. 

Proof:  It  is  easy  to  check  that  (g,  h)  is  not  only  transitive,  but  it  is  also  a  primitive 
subgroup  of  G.  And  since  it  contains  a  3-cycle,  we  have  (g,  h)  =  G. 

Now  we  are  ready  to  prove  that  G  does  not  admit  an  anti-generating  set  of 
cardinality  2.  Claims  2-6  show  that  for  any  element  g  €  G  there  is  a  5-cycle  h  such 
that  (g,  h)  =  G.  Therefore,  by  Claim  6,  a  set  of  cardinality  2  containing  an  element  of 
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order  4  cannot  be  anti-generating.  Now  suppose  X  =  {51,^2}  C  G  with  gi  being  an 
involution.  If  g2  is  a  3-cycle,  a  product  of  two  disjoint  3-cycles,  or  a  5-cycle,  then  by 
Claims  2,  3  and  5,  respectively  together  with  Claim  4  imply  that  (gi,h)  =  (g2,  h)  =  G 
for  a  suitable  5-cycle  h.  From  now  on,  we  may  assume  that  gi  and  g2  are  elements 
of  order  3  or  5.  If  one  of  them  has  order  5  then  by  Claims  2,  3  and  5  there  is  again 
a  5-cycle  h  with  (gi,h)  —  (g2,h)  =  G.  If  gi  is  a  3-cycle  and  g2  is  a  product  of  two 
disjoint  3-cycles  then  Claims  1  and  3  imply  that  {gi,g2}  cannot  be  an  anti-generating 
set.  Also,  if  #1  and  g2  are  both  3-cycles  having  a  common  fixed  point  then  by  Claim 
1,  and  if  g\  and  g2  are  both  fixed  point  free  3-elements  that  do  not  commute  with 
each  other  then  by  Claim  8,  there  is  again  a  5-cycle  h  with  (gi,h)  —  (g2,h)  =  G. 
Finally,  if  g\  and  g2  are  both  3-cycles  or  both  fixed  point  free  3-elements  such  that 
[9i  >  Qi]  =  1  then  by  Claim  8  there  exists  a  3-element  h  that  generates  G  together  with 
gx  and  also  with  g2. 

This  completes  the  proof  of  statement  (d). 

Now  let  G  ~  PSL2(7).  Let  V  be  a  projective  plane  of  order  7,  let  P  be  the  set 
of  points  and  L  be  the  set  of  lines  of  V,  and  let  us  identify  G  with  the  automorphism 
group  of  V.  Furthermore,  for  any  p  €  P  and  /  G  L,  let  Gp  and  Gi  denote  the 
stabilizers  of  p  and  /,  respectively.  We  will  use  the  following  basic  facts: 

1.  There  are  three  conjugacy  classes  of  maximal  subgroups  in  G,  two  of  these 
conjugacy  classes  consists  of  subgroups  isomorphic  to  S4  (these  are  the  point 
stabilizers  and  line  stabilizers),  and  there  is  a  conjugacy  class  that  consists  of 
eight  subgroups,  isomorphic  to  Z3  k  Zj. 

2.  There  are  6  conjugacy  classes  of  the  elements  in  G,  with  element  orders  1,  2,  3, 
4,  7,  7. 
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3.  Every  element  of  order  4  stabilizes  a  point  p  and  a  line  /  such  that  pel.  Also, 
if  /  is  a  line  and  p  is  a  point  on  /  then  \GP  D  Gi\  =8  and  Gp  n  Gi  contains  one 
cyclic  subgroup  of  order  4. 

4.  Every  element  of  order  3  stabilizes  a  point  p  and  a  line  /  such  that  p  £  I.  Also, 
if  /  is  a  line  and  p  is  a  point  not  on  /  then  \GP  D  Gi\  =6  and  Gp  D  Gi  contains 
one  cyclic  subgroup  of  order  3. 

5.  If  pi,  P2  and  ps  are  the  three  points  of  a  line  /  then  GPl,p2,p3  —  Z2  x  Z2. 

6.  Every  3-element  of  G  normalizes  two  cyclic  subgroups  of  order  7. 

It  is  easy  to  see  that  there  is  an  anti-generating  set  of  cardinality  A(G)  in  G 
that  contains  only  elements  of  order  2  or  3.  This  is  true  because  in  an  anti-generating 
set,  any  element  of  order  4  can  be  replaced  by  its  square  and  any  element  of  order 
7  can  be  replaced  by  a  3-element  of  its  unique  maximal  overgroup.  Furthermore, 
since  the  unique  maximal  overgroup  of  any  7-element  is  isomorphic  to  Z3  tx  Z7  and 
since  every  3-element  is  contained  only  in  two  copies  of  Z3  tx  Z7,  it  follows  that  an 
anti-generating  set  that  does  not  contain  any  7-elements,  has  to  contain  at  least  four 
3-elements.  But  a  set  of  four  3-elements  cannot  be  an  anti-generating  set.  To  prove 
this,  suppose  gi,  g2,  <fe,  and  g4  are  3-elements  of  G.  Since  each  of  them  stabilizes  only 
one  point,  there  must  be  at  least  five  lines  in  L  that  contain  a  point  not  stabilized  by 
any  of  the  g.  's.  And  since  any  3-element  stabilizes  only  one  line,  at  least  one  of  those 
five  lines  are  not  stabilized  by  any  of  the  <fc's.  That  is,  there  is  a  line  /  and  a  point 
p  such  that  p  £  I  and  neither  p  nor  /  is  stabilized  by  gi,  g2,  gz  or  g4.  Then  Gp  D  Gi 
contains  an  element  h  of  order  4,  and  since  the  only  maximal  overgroups  of  h  are  Gp 
and  Gi,  we  have  {gi,h)  =  G  for  i  =  1,2,3,4. 

The  above  arguments  show  that  an  anti-generating  set  of  G  has  to  have  a 
cardinality  of  at  least  five.  On  the  other  hand,  we  will  construct  an  anti-generating 
set  of  cardinality  five.  Let  /  be  any  line  of  V  and  let  pi,  p2,  P3  and  p4  be  the  points  not 
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on  /.  Furthermore,  for  each  1  <  i  <  4,  let  x,-  be  a  3-element  in  GPi  n  Gi  and  let  x5  be 
an  involution  in  the  pointwise  stabilizer  of  /.  Now,  if  h  €  G  and  h  is  not  a  7-element 
then  for  some  1  <  »  <  5,  (h,  x,)  is  contained  in  a  point  stabilizer.  Furthermore,  any 
subgroup  of  order  7  is  normalized  by  one  of  the  elements  Xj,  x2,  x3  or  ar4,  since  each 
of  these  3-elements  normalizes  two  subgroups  of  order  7,  and  no  two  of  them  can 
normalize  the  same  subgroup  of  order  7.  This  shows  that  X  =  {xi,  x2,  £3,  x4,  x5}  is 
an  anti-generating  set  in  G.  ■ 
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